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Abstract: In this paper, we extend the collinear superspace formalism to include the full
range of N = 1 supersymmetric interactions. Building on the effective field theory rules
developed in a companion paper — Navigating Collinear Superspace [1] — we construct
collinear superspace Lagrangians for theories with non-trivial F - and D-term auxiliary fields.
For (massless) Wess-Zumino models, the key ingredient is a novel type of Grassmann-valued
supermultiplet whose lowest component is a (non-propagating) fermionic degree of freedom.
For gauge theories coupled to charged chiral matter, the key ingredient is a novel type
of vector superfield whose lowest component is a non-propagating gauge potential. This
unique vector superfield is used to construct a gauge-covariant derivative; while such an
object does not appear in the standard full superspace formalism, it is crucial for modeling
gauge interactions when the theory is expressed on a collinear slice. This brings us full circle,
by showing that all types ofN = 1 theories in four dimensions can be constructed in collinear
superspace from purely infrared considerations. We speculate that supersymmetric theories
with N > 1 could also be implemented using similar collinear superspace constructions.
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1 Casting Off
The study of supersymmetric (SUSY) models has deepened our understanding of the nature
of quantum field theory [2–14]. In particular, significant insights into N = 4 SUSY Yang-
Mills were exposed by realizing that it could be formulated in superspace [15, 16] using
light-cone coordinates [17–19], see also e.g. [5, 20–24]. To this end, our goal has been to
understand the effective field theory rules for expressing N = 1 SUSY theories on the light
cone in the language of collinear superspace [25, 26]. This provides a setting where states
are packaged into superfields, thereby making SUSY manifest. In our companion paper [1],
we focused on theories that could be constructed exclusively in terms of propagating degrees
of freedom. In this paper, we introduce building blocks for collinear superspace that allow
us to construct models whose interactions require non-trivial auxiliary fields. This brings
us full circle, by demonstrating how all known N = 1 SUSY Lagrangians can be written in
collinear superspace.1
Expressing a model in collinear superspace requires picking a light cone, as specified by
a pair of light-like vectors nµ and n¯µ. Using a spinor-helicity decomposition, is it convenient
to write these vectors in terms of a pair of orthogonal bosonic spinors, ξα and ξ˜α:
nµ = ξ˜ σµ ξ˜† , n¯µ = ξ σµ ξ† , (1.1)
where we follow the standard convention of suppressing spinor indices when no confusions
would arise, see e.g. [30]. To achieve properly normalized light-cone coordinates with n2 =
0 = n¯2 and n · n¯ = 2, the light-cone spinors must have mass dimension 0 and satisfy
ξα ξ˜α = 1 = −ξ˜αξα. Despite choosing explicit light-cone directions, we can restore Lorentz
invariance of the S-matrix by imposing the three types of reparametrization invariance (RPI)
[31–34] on the Lagrangian.
To reduce from the full N = 1 superspace to collinear superspace, we rewrite the stan-
dard superspace coordinates
(
θα, θ†α˙
)
in terms of the light-cone spinors and two Grassmann
numbers
{
η, η˜
}
= 0 with mass dimension −1/2:
θα = ξαη + ξ˜α η˜ , θ†α˙ = η†ξ†α˙ + η˜† ξ˜†α˙ . (1.2)
1We choose to call the setting for these theories “collinear superspace” as opposed to the more traditional
nomenclature “light-cone superspace” since our focus here is on the bottom-up effective theory rules. For
some related references on light-cone superspace, see Refs. [17–19, 27–29].
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Collinear superspace [25, 26] then corresponds to the following restriction [1]:
η˜ = 0 =⇒ “collinear superspace” . (1.3)
One implication is that the θα expansion of a standard superfield no longer includes F -
and D-terms as its highest component, since θαθα = 2 ηη˜ =⇒ 0. As was shown in our
companion paper [1], one can then express N = 1 SUSY Yang-Mills on the light cone using
only propagating degrees of freedom.2
Our goal here is to understand how to re-introduce the non-propagating degrees of
freedom within the collinear superspace framework. This is required in order to implement
generic N = 1 theories — like Wess-Zumino models and gauge theories with charged chiral
matter — where the F - and D-terms have non-trivial equations of motion. Remarkably, this
can be accomplished in collinear superspace even though η˜ = 0. The key is to introduce novel
superfields with exotic quantum numbers, constraints, and RPI transformation properties.
In the case of generic Wess-Zumino models with chiral multiplets Φ, we will introduce
fermionic superfields U˜ and C with mass dimension +3/2 (instead of the standard bosonic
superfields with mass dimension +1). These satisfy the following constraints:
D¯U˜ = 0 , D¯C = −
√
2i d∗⊥Φ . (1.4)
Here, D is a covariant derivative in collinear superspace and d⊥ is a space-time derivative
perpendicular to the light cone. While U˜ (despite being fermionic) satisfies the standard
constraint for a collinear chiral multiplet,C satisfies an exotic “almost chiral” constraint that
is only possible because Lorentz invariance is obscured. In the case of massless theories, U˜
and C can be regarded as auxiliary superfields whose primary role is to make RPI manifest.
This will provide us with a new way to deal with helicity-flipping interactions such Yukawa
couplings, without having to introduce sources as in Ref. [26]. For massive theories, the
fermionic degrees of freedom in U˜ and C become physical so they must remain in the
spectrum. These exotic multiplets also make it straightforward to incorporate spontaneous
SUSY breaking.
In the case of (non-)Abelian gauge theories with charged chiral matter, we will introduce
a real superfield Vn·A with mass dimension +1 (instead of the standard real superfield with
mass dimension 0). Similar to above, one can regard Vn·A as an auxiliary superfield whose
primary role is to make RPI (and gauge symmetry) manifest. Under RPI-I, this field
2Formulating the theory with this approach has similarities with on-shell superspace [35–37], with the
important difference that we do not require fields to be exactly on the mass shell.
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transforms as
Vn·A −−−−→
RPI-I
Vn·A + κ
∗
I ΦA + κI Φ
†
A , (1.5)
where ΦA is a chiral multiplet that contains the two propagating polarizations of the gauge
field. To reduce the number of auxiliary degrees of freedom, we work exclusively in Wess-
Zumino gauge (WZG). Ordinarily, this gauge fixing would break SUSY. Remarkably, if we
also fix to light-cone gauge (LCG), then both collinear SUSY and (residual) gauge invariance
can be made manifest using just ΦA and Vn·A. So while our collinear superspace construction
involves only a subset of the gauge auxiliary fields, we can still maintain manifest collinear
SUSY despite working in WZG, in contrast with the standard N = 1 treatment.
As in the companion paper [1], we will take a “bottom-up” perspective. After identi-
fying the relevant multiplets and their symmetry properties, we write down all interactions
consistent with the rules of effective field theory. Our Lagrangians will be manifestly in-
variant under gauge symmetries, collinear SUSY, RPI-I, and RPI-III. Specifically for gauge
theories with charged matter, we use ΦA and Vn·A to define gauge covariant derivatives
as well as covariant versions of U˜ and C. As argued in Ref. [1], the collinear superspace
restriction in Eq. (1.3) is incompatible with RPI-II, since this transformation acts to ro-
tate η˜. While it is not manifest in collinear superspace, we can still impose RPI-II on the
component action. In this way, the final Lagrangian has the full Lorentz symmetry, and
therefore, full N = 1 SUSY. In Ref. [1], RPI-II was enforced “by hand” by guessing a form
for the RPI-II transformation rules and showing compatibility with the RPI algebra. Here,
the exotic superfields U˜ , C, and Vn·A allow for a straightforward realization of RPI-II, and
we indeed recover the transformation rules from Ref. [1] after integrating out the off-shell
degrees of freedom.
In the spirit of coming full circle, we will also provide a “top-down” perspective on the
origin of the exotic superfields U˜ , C, and Vn·A. In retrospect, the main point is rather
elementary. In full N = 1 superspace, a generic superfield S can be written as a function
of
(
η, η†, η˜, η˜†
)
. Setting η˜ = 0 will result in loss of information unless, just as for a Taylor
expansion, one also knows all derivatives of S with respect to η˜ and η˜† at the origin. In
this way, the exotic superfields are effectively the higher-order coefficients of the
(
η˜, η˜†
)
expansion of a full N = 1 superfield. We speculate that this construction will be useful in
understanding theories with N > 1 SUSY, since one could potentially make (part of) the
SUSY transformations manifest in collinear superspace at the expense of making (part of)
the Lorentz transformations obscure.
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The rest of this paper is organized as follows. In Sec. 2 we review the key results of the
companion paper [1]. In Secs. 3 and 4, we introduce the fields needed to construct interacting
Wess-Zumino models and give both a bottom-up and top-down derivation of the required
collinear superspace Lagrangian. In Secs. 5 and 6, we follow the same logic for the case of
Abelian gauge theories, leaving a discussion of the non-Abelian case to App. A. Putting these
ingredients together in Sec. 7, we construct Abelian gauge theories with charged matter,
which require the full set of auxiliary multiplets. We conclude in Sec. 8 with our reflections
on the process of constructing collinear superspace and a sketch of future research directions.
2 Navigating Collinear Superspace
We begin with an overview of our companion paper Navigating Collinear Superspace [1],
with an emphasis on the notation that will be needed here. We review how to encode residual
Lorentz invariance via RPI transformations, how to construct standard collinear superfields
which contain only propagating degrees of freedom, and how to build Lagrangians in collinear
superspace.3
2.1 Light-Cone Decomposition
In Ref. [1], we identified a subset of the SUSY algebra by projecting the SUSY generators
with the bosonic spinor ξα. We can obtain the full set of N = 1 supercharges by also
projecting with ξ˜:
Qfull ≡ ξαQfullα , Q˜full ≡ ξ˜αQfullα . (2.1)
Keeping η˜ 6= 0 for now, the operator expressions for these generators are
Qfull = i
∂
∂η
− η† d− η˜† d⊥ , Q˜full = i ∂
∂η˜
− η† d∗⊥ − η˜† d˜ , (2.2)
where we have defined the projected derivatives
d = n¯ · ∂ = ξα (σ · ∂)
αα˙
ξ†α˙, d˜ = n · ∂ = ξ˜α (σ · ∂)
αα˙
ξ˜†α˙ ,
d⊥ = ξ
α
(
σ · ∂)
αα˙
ξ˜†α˙, d∗⊥ = ξ˜
α
(
σ · ∂)
αα˙
ξ†α˙ . (2.3)
3Regarding conventions, we work with the mostly minus metric, the two-component spinors formalism
of Ref. [30], and the SUSY formulation from pages 449–453 of Ref. [38]. A review of the standard light-cone
conventions is given in Ref. [39], although we do not follow their notation in many cases.
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In deriving Eq. (2.2), we have used the identity σµ∂µ = ξ˜ ξ˜
† d+ ξξ† d˜+ ξ ξ˜† d∗⊥+ ξ˜ ξ
† d⊥, which
implies
θ σ · ∂ θ† = ηη† d + ηη˜† d⊥ + η˜η† d∗⊥ + η˜ η˜† d˜ . (2.4)
In collinear superspace with η˜ = 0, the SUSY algebra reduces to{
Q,Q†
}
= 2i d , where Q = Qfull
∣∣∣∣
η˜=0
= i
∂
∂η
− η†d . (2.5)
Remarkably, this reduced algebra encodes the full structure of N = 1 SUSY, as long as one
also imposes RPI, as discussed further in Sec. 2.5.
Next, we project the superspace covariant derivative operator along the ξ and ξ˜ direc-
tions:
Dfullα =
∂
∂θα
− i(σ · ∂)
αα˙
θ†α˙ = ξ˜α
∂
∂η
− ξα ∂
∂η˜
− i(σ · ∂)
αα˙
(
η†ξ†α˙ + η˜† ξ˜†α˙
)
= ξ˜α D
full − ξα D˜full . (2.6)
More explicitly, we have:
Dfull ≡ ξαDfullα =
∂
∂η
− iη† d− iη˜†d⊥ , D¯full ≡ D¯fullα˙ ξ†α˙ =
∂
∂η†
− iηd− iη˜ d∗⊥ ,
D˜full ≡ ξ˜αDfullα =
∂
∂η˜
− iη† d∗⊥ − iη˜† d˜ , ˜¯Dfull ≡ D¯fullα˙ ξ˜†α˙ =
∂
∂η˜†
− iη d⊥ − iη˜ d˜ . (2.7)
The non-trivial anti-commutation relations between these operators are:{
Dfull, D¯full
}
= −2i d ,
{
D˜full, ˜¯Dfull
}
= −2i d˜ ,{
Dfull, ˜¯Dfull
}
= −2i d⊥ ,
{
D˜full, D¯full
}
= −2i d∗⊥ , (2.8)
which will be useful for performing matching calculations in the following sections. It is also
convenient to express the Lorentz-invariant combinations as
D¯fullα˙ D¯full α˙ = ˜¯Dfull D¯full − D¯full ˜¯Dfull = −2 D¯full ˜¯Dfull ,
DfullαDfullα = Dfull D˜full − D˜fullDfull = 2Dfull D˜full . (2.9)
Going to collinear superspace where η˜ = 0, we define
D ≡ Dfull ∣∣
η˜=0
=
∂
∂η
− iη† d , D¯ ≡ D¯full ∣∣
η˜=0
=
∂
∂η†
− iη d ,
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which satisfy
{
D, D¯
}
= −2i d. These collinear covariant derivatives can be used to enforce
constraints in collinear superspace and to construct new collinear superfields. For example,
a collinear chiral multiplet satisfies D¯Φ = 0; see Sec. 2.3 below. Because D2 = 0 = D¯2,
acting D¯ on a generic superfield always yields a chiral superfield. Similarly, we can define a
chiral projector that acts as the identity operator on chiral multiplets:
iD¯D
2 d
Φ = Φ . (2.10)
As discussed in Ref. [1], standard collinear chiral multiplets do not contain F -term
auxiliary fields, which (naively) presents an obstruction to constructing superpotential-like
terms in collinear superspace. To overcome this issue, we will rely on tilded operators
that contain ∂/∂η˜. Note that there is no well-defined meaning to “D˜” or “˜¯D” in collinear
superspace; for this reason, D˜full and ˜¯Dfull were not defined in Ref. [1]. Nevertheless, we can
still invoke D˜full and ˜¯Dfull prior to imposing η˜ = 0, and this will enable top-down matching
of the full N = 1 theory down to collinear SUSY. For example, in Sec. 3.4 we define the
exotic multiplet C ≡ D˜fullΦfull∣∣
η˜=0
, whose highest component is the F -term auxiliary field
needed to construct superpotential interactions.
To simplify the notation, we drop the “full” label when no confusions would arise. When
an unlabeled operator acts on a field that caries a “full” label, then it should interpreted
as the full Lorentz covariant operator, e.g. D˜Φfull ≡ D˜fullΦfull. Otherwise, objects should be
interpreted as the collinear superspace operators with η˜ = 0.
2.2 Reparametrization Invariance
By explicitly choosing the bosonic spinors ξα and ξ˜α, we are formulating the theory on
the light cone defined by Eq. (1.1). The transformations that preserve the orthogonality
conditions ξ ξ˜ = 1 = −ξ˜ ξ correspond to the Lorentz generators that are preserved on the
light cone, i.e., the RPI generators. Via Eq. (1.1), RPI also preserves the orthogonality
conditions n2 = 0 = n¯2 and n · n¯ = 2.
The five RPI generators are traditionally grouped into three categories:
ξ −−−−→
RPI-I
ξ , ξ˜ −−−−→
RPI-I
ξ˜ + κI ξ , (2.11)
ξ −−−−−→
RPI-II
ξ + κII ξ˜ , ξ˜ −−−−−→
RPI-II
ξ˜ , (2.12)
ξ −−−−−→
RPI-III
e−κIII/2 ξ , ξ˜ −−−−−→
RPI-III
eκIII/2 ξ˜ , (2.13)
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Object RPI-I RPI-II RPI-III
ξα ξα ξα + κII ξ˜
α e−κIII/2 ξα
ξ˜α ξ˜α + κI ξ
α ξ˜α eκIII/2 ξ˜α
η η − κI η˜ η eκIII/2 η
η˜ η˜ η˜ − κII η e−κIII/2 η˜
d d d + κ∗II d⊥ + κII d
∗
⊥ e
−κIII d
d˜ d˜ + κ∗I d
∗
⊥ + κI d⊥ d˜ e
κIII d˜
d⊥ d⊥ + κ∗I d d⊥ + κII d˜ d⊥
d∗⊥ d
∗
⊥ + κI d d
∗
⊥ + κ
∗
II d˜ d
∗
⊥
Dfull Dfull Dfull + κII D˜full e−κIII/2 Dfull
D¯full D¯full D¯full + κ∗II
˜¯Dfull e−κIII/2 D¯full
D˜full D˜full + κI Dfull D˜full eκIII/2 D˜full
˜¯Dfull ˜¯Dfull + κ∗I D¯
full ˜¯Dfull eκIII/2 ˜¯Dfull
Table 1: The RPI transformations of the superspace coordinates and derivative operators.
Note that prior to setting η˜ = 0, the RPI-II transformations are linear. These transforma-
tions make it clear that the chiral projector in Eq. (2.10) is RPI-III invariant.
where the κI,II are complex numbers and κIII is real. A sixth generator, corresponding
to imaginary values of κIII, is usually elided since it preserves n
µ and n¯µ. Because the
superspace coordinates θα and θ¯α˙ are inert under RPI, these transformation imply analogous
transformations for η and η˜, as summarized in Table 1.
Transformations of matter and gauge component fields will be given in Tables 2 and 4,
respectively, once we have introduced the relevant objects. Likewise, superfield transforma-
tions will be given in Tables 3 and 5. Since many of the derivations are given in Ref. [1], we
will not restate them here.
Using Eq. (2.12), the action of RPI-II transforms η˜ [1]. In collinear superspace where
η˜ = 0, RPI-II cannot be realized at the level of superfields, and only RPI-I and RPI-III can
be made manifest. Nevertheless, to ensure the underlying Lorentz invariance of the theory,
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RPI-II must be maintained at the component level. The non-trivial role of RPI-II will be
discussed further in Sec. 2.5.
2.3 Chiral Superfields
We will be working with collinear superfields, which are functions of the space-time coordi-
nate xµ and the superspace coordinate η. As in ordinary superspace, one can define various
constrained superfields. Collinear chiral superfields satisfy the constraints D¯Φ = 0, and
they take the form [1]:
Φ
(
xµ, η, η†
)
= φ+
√
2 ηu+ iη†η dφ , (2.14)
where u ≡ ξαuα describes the propagating fermion helicity.
To gain more intuition for Eq. (2.14), we can start from a general N = 1 superfield with
no external Lorentz indices, and Taylor expand it in terms of θ:
S
(
xµ, θα, θ†α˙
)
= φ+ θαuα + θ
†
α˙χ
†α˙ + θαθα F + θ
†
α˙θ
†α˙N + θασµαα˙θ
†α˙ vµ
+ θαθαθ
†
α˙λ
†α˙ + θ†α˙θ
†α˙θαMα + θ
αθαθ
†
α˙θ
†α˙D , (2.15)
where φ, F , N , D are complex scalar fields, uα, χα, λα, Mα are Weyl fermions, and vµ is a
vector field. A standard N = 1 chiral superfield satisfies the constraint Dfullα Φfull = 0, which
is equivalent to imposing both D¯Φfull = 0 and ˜¯DΦfull = 0:
Φfull = φ− iθσµθ† ∂µφ+ 1
4
θθθ†θ†2φ+
√
2 θαuα − i√
2
θθ
(
∂µu
α(σµ)αα˙θ
†α˙)+ θθF . (2.16)
Following Ref. [1], we will working with xµ (instead of yµ = xµ + iθ†σ¯µθ) coordinates
throughout this paper.
To go from ordinary superspace to collinear superspace, we can use Eq. (1.2) to expand
Eq. (2.16) in
(
η, η†
)
coordinates, for instance through the replacements θαθα = 2 ηη˜ and
θσ ·∂θ† = ηη† d+ ηη˜† d⊥+ η˜η† d∗⊥+ η˜ η˜† d˜. Additionally, the two component fermion uα may
be expanded as:
uα = ξ˜αu− ξα u˜ , so that ξαuα = u , ξ˜αuα = u˜ , (2.17)
which projects out the two helicity states of uα [1, 26]. With these replacements, Eq. (2.16)
becomes:
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Φfull = φ− i
(
ηη† d + ηη˜† d⊥ + η˜η
† d∗⊥ + η˜ η˜
† d˜
)
φ+ η˜η η˜†η†
(
dd˜− d∗⊥d⊥
)
φ
+
√
2
(
ηu+ η˜ u˜
)
+ i
√
2 η˜η
[
η† (d∗⊥u− du˜) + η˜†
(
d˜u− d⊥ u˜
)]
− 2 η˜ηF , (2.18)
where we have used ∂µu
α(σµ)αα˙ θ
†α˙ = η† (d∗⊥u− du˜) + η˜†
(
d˜u− d⊥ u˜
)
. We emphasize that
the above expression is still valid in the full N = 1 superspace.
Now going to collinear superspace by setting η˜ = 0, the chiral superfield reduces to
Eq. (2.14):
Φ ≡ Φfull
∣∣∣
η˜=0
= φ+
√
2 ηu+ iη†η dφ . (2.19)
Note that the constraint ˜¯DΦfull = 0 no longer makes sense when η˜ = 0, but D¯Φ = 0
still holds. This collinear chiral superfield has two bosonic (the complex scalar φ) and two
fermionic (the complex Grassmann scalar fermion u) degrees of freedom. It does not include
an auxiliary F -term field, even though the full expression in Eq. (2.18) does. We will see
how to recover these F -terms in Sec. 3.
2.4 Lagrangians in Collinear Superspace
To build a SUSY Lagrangian, we can follow the canonical strategy of writing it as an explicit
total derivative, but now in collinear superspace:4
L ∼ DD¯[ . . . ]∣∣
0
, (2.20)
where the |0 notation indicates the restriction to η = 0 = η†. This ensures that the resulting
Lagrangian preserves collinear SUSY. (It may or may not preserve the full N = 1 SUSY
depending on RPI-II; see Sec. 2.5.) In Sec. 4.2, we will also consider a superpotential-like
term of the form:
L ∼ D[ . . . ]∣∣
0
+ h.c. , (2.21)
where the . . . represent a fermionic combination of superfields that is chiral up to a total
derivative (see Sec. 4.3 below for details).
4For those unfamiliar with expressing superspace Lagrangians in terms of super-derivatives as opposed
to integrating over superspace, see e.g. [40].
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As an example, the kinetic term for a single chiral superfield is:5
L = 1
2
DD¯
[
Φ†
i2
d
Φ
]∣∣∣∣
0
= −φ∗2φ+ iu†2
d
u . (2.22)
Using the transformations in Tables 1 and 2, it is straightforward to see that this opera-
tor is RPI-I and RPI-III invariant. Despite the appearance of d in the denominator, this
Lagrangian yields a local theory.
2.5 The Role of RPI-II
The collinear SUSY algebra in Eq. (2.5) closes and is compatible with RPI-I and RPI-III
transformations. As discussed in Ref. [1], collinear superspace is not compatible with RPI-
II. The reason is that RPI-II acts as a rotation on the n¯µ-direction, which in superspace
corresponds to a translation of η˜. This is incompatible with the defining constraint of
collinear superspace: η˜ = 0. In the context of chiral multiplets, the constraint D¯Φ = 0 is
not RPI-II invariant, since the collinear superspace derivative D has a non-trivial RPI-II
shift inherited from d: D→ D− η†(κ∗II d⊥ + κII d∗⊥).
To ensure Lorentz invariance of the theory, we must enforce RPI-II. This in turn ensures
that the theory respects (at least) N = 1 SUSY, because Eq. (2.5) is a graded algebra, and
N = 1 SUSY is the smallest graded algebra compatible with Lorentz invariance [41].
While we cannot impose RPI-II directly in collinear superspace, we can impose it at
the level of the component action. As an example, consider the Lagrangian for a free chiral
multiplet in Eq. (2.22). The scalar term is manifestly invariant under RPI-II. However, the
fermionic mode u shifts as
u −−−−−→
RPI-II
u+ κII u˜ . (2.23)
Since u˜ does not appear in Eq. (2.22), the fermion kinetic term is not invariant under this
(linear) RPI-II transformation. This is not surprising, since RPI-II deforms the theory away
from the collinear slice chosen in Eq. (1.1).
As discussed in Ref. [1], Eq. (2.22) does respect an alternative realization of RPI-II:
u −−−−−→
RPI-II
u+ κII
d∗⊥
d
u . (2.24)
5 The 1/2 prefactor can be traced to the normalization of the SUSY derivatives D and D¯ that descends
from the factor of 2 in the definition of the supercharges; see Eq. (2.5). The rule of thumb is that every
superderivative comes with a factor of 1/
√
2.
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From the bottom up, this can be derived by writing down a candidate RPI-II transformation
law consistent with RPI-I and RPI-III and checking that it satisfies the RPI algebra. From
the top down, this can be derived by integrating out u˜ from the full Lorentz-invariant theory.
In this paper, we will restore u˜ to the Lagrangian such that we can use the linear RPI-II
transformation in Eq. (2.23) throughout.
2.6 Abelian Gauge Transformations
The last topic we review is Abelian gauge fields in collinear superspace. Starting from a
four-component Abelian gauge field Aµ, we can project onto a complex scalar:
A = 1√
2
ξα(σ · A)αα˙ ξ˜†α˙ , A∗ = 1√
2
ξ˜α(σ · A)αα˙ ξ†α˙ . (2.25)
In LCG, A contains the two propagating degrees of freedom, i.e., those that are transverse
to the light cone. These can then be packaged together with the corresponding propagating
gaugino λ ≡ ξαλα into a collinear chiral superfield with D¯ΦA = 0:
ΦA = A∗ −
√
2 iηλ† + iη†η dA∗ . (2.26)
Note that Eq. (2.26) contains the conjugate degrees of freedom A∗ and λ† (and the anti-
chiral superfield will similarly contain A and λ). The justification for this seemingly unusual
form will be given in Sec. 5.5.
In the present work, we are interested in “rediscovering” the non-propagating degrees
of freedom, so it is useful to identify the two remaining degrees of freedom in Aµ:
n¯ · A = ξα(σ · A)αα˙ ξα˙†, n · A = ξ˜α(σ · A)αα˙ ξ˜†α˙ . (2.27)
In this way, the full Aµ field can be decomposed as:
(σ · A)αα˙ = ξα ξ†α˙ n · A+ ξ˜α ξ˜†α˙ n¯ · A+
√
2 ξα ξ˜
†
α˙A∗ +
√
2 ξ˜α ξ
†
α˙A . (2.28)
Throughout this paper, we work in LCG where [42]:
n¯ · A = 0 . (2.29)
This removes one of the degrees of freedom in Eq. (2.27), leaving n ·A as a non-propagating
component of the gauge field. In Ref. [1], we integrated out n · A to write a down a
gauge kinetic term that only depended on ΦA. In Sec. 5, we will package n · A into a real
supermultiplet Vn·A in order to write down gauge interactions for matter fields.
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As discussed in Ref. [1], there is a residual gauge redundancy even after imposing LCG.
Starting from the standard gauge transformation with local (real) gauge transformation
parameter ω:
Aµ −−−−−→
Gauge
Aµ + ∂µω , (2.30)
the restriction in Eq. (2.29) requires dω = 0. Remarkably, this residual gauge transformation
can be parametrized by a superfield Ω with the unusual property of being both chiral and
real (and therefore anti-chiral):
DΩ = 0 , D¯Ω = 0 , Ω = Ω† =⇒ Ω = ω , dω = 0 . (2.31)
While the form of Eq. (2.31) may seem strange, we note that Ω is still a non-trivial collinear
SUSY multiplet; although dω = 0, the derivative projections along the other directions
(d⊥ω and d˜ω) are non-vanishing [1]. This gauge transformation acts on the gauge chiral
superfield as
ΦA −−−−−→
Gauge
ΦA + d
∗
⊥Ω , (2.32)
which preserves the chirality condition D¯ΦA = 0.
3 Setting Sail for the F -term
The chiral superfield in Eq. (2.14) includes only propagating degrees of freedom, which was
sufficient in Ref. [1] to write the Lagrangian for free chiral matter. Here, we are interested in
constructing Lagrangians for SUSY theories with non-zero F -terms, and therefore new ingre-
dients are required. In this section, we explain how to encode the degrees of freedom that are
“missing” from the collinear chiral superfield. This will allow us to write Lagrangians that
involve Yukawa couplings such as the Wess-Zumino model, without appealing to external
currents as was done in Ref. [26].
The key ingredient is an auxiliary chiral superfield U˜ , defined in Eq. (3.4) below, con-
taining the non-propagating degrees of freedom: the opposite helicity fermion u˜ ≡ ξ˜αuα and
the auxiliary scalar F -term. The unique form of U˜ will be derived from the bottom up
by relying on consistent SUSY and RPI transformation properties of the components. We
also motivate the exotic constrained superfield C by appealing to its RPI-II transformation
properties. Finally, we present a top-down derivation of U˜ and C by applying D˜ operators
to the full N = 1 chiral superfield before reducing to collinear superspace.
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Component RPI-I RPI-II RPI-III
φ φ φ φ
u u u+ κII u˜ e
−κIII/2 u
u˜ u˜+ κI u u˜ e
κIII/2 u˜
F F F F
Table 2: The RPI transformations for the chiral matter degrees of freedom. Here, u ≡ ξαuα
is the component of the fermion along the light cone and u˜ ≡ ξ˜αuα has the opposite helicity.
With u˜ in the spectrum, RPP-II is linearly realized.
3.1 Component RPI and SUSY Transformations
As argued in Sec. 2.5, we need to incorporate the opposite helicity fermion u˜ in order to have
a linear realization of RPI-II. In Table 2, however, we see that u˜ transforms non-trivially
under RPI-I, so if u˜ is going to be a component of a SUSY multiplet, then that whole
multiplet must have non-trivial RPI-I transformation properties. This is in contrast to the
u field, which is inert under RPI-I, such that u can be the highest component of the RPI-I
invariant Φ superfield. In Sec. 3.3, we will build an exotic multiplet C which has u˜ directly
as the lowest component, but from the bottom-up perspective, it is more convenient to start
with combinations of fields that are RPI-I invariant.
Another challenge of working directly with u˜ is that collinear SUSY necessarily mixes
u˜ with the propagating degrees of freedom. This is easiest to see starting from the full
N = 1 SUSY transformations for the standard chiral components, but writing the SUSY
transformation parameter as ζα = ξα + ξ˜α ˜ and setting ˜ = 0 to isolate the collinear
supersymmetry transformation:
δφ =
√
2  u ,
δu = −i
√
2 † dφ ,
δu˜ = −i
√
2 † d∗⊥φ−
√
2  F ,
δF = i
√
2 †(du˜− d∗⊥u) . (3.1)
As expected given the consistency of Φ, the φ and u fields rotate into each other under
collinear SUSY. By contrast, the u˜ field mixes into the auxiliary F term (as desired) and
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also mixes into the propagating φ field.
Satisfyingly, both of the above complications can be solved by the introduction of the
field combination
U˜ ≡ u˜− d
∗
⊥
d
u . (3.2)
This object is invariant under RPI-I, and it closes with F under collinear SUSY:
δU˜ = −
√
2  F ,
δF = i
√
2 † dU˜ . (3.3)
Note that U˜ = 0 yields the equation of motion for free chiral fermions. When we dis-
cuss charged matter in Sec. 7, we will have to contend with the fact that Eq. (3.2) does
not transform homogeneously under gauge transformations, even after restricting to LCG.
Nevertheless, we find that U˜ is more convenient to work with than u˜, and (as we show in
Sec. 7.2) it is possible to construct a covariant version of U˜ by effectively replacing d∗⊥ with
a gauge covariant version ∇∗⊥.
3.2 The Auxiliary Chiral Superfield
Armed with the RPI and collinear SUSY transformations of the component fields, we can
now construct the auxiliary chiral superfield which contains the u˜ and F fields:
U˜
(
xµ, η, η†
) ≡ U˜ −√2 η F + iη†η dU˜ , (3.4)
where U˜ is defined in Eq. (3.2). Assuming that the auxiliary field F appears in the highest
component of a chiral multiplet, the form of U˜ is uniquely fixed by requiring closure under
collinear SUSY and homogeneity under both RPI and mass dimension.
Unlike a standard chiral multiplet, U˜ is fermionic with mass dimension 3/2 and RPI-
III charge +1/2 (instead of bosonic with mass dimension 1 and RPI-III charge 0). These
scalings are consistent with the highest component being the auxiliary F -term, which has
mass dimension 2 and no RPI-III charge. By comparing the SUSY transformation properties
of U˜ and F in Eq. (3.3) to those of φ and u in Eq. (3.1), one can conclude that U˜ is indeed
a valid collinear chiral multiplet satisfying D¯U˜ = 0.
For completeness, we write the conjugate multiplet:
U˜ †
(
xµ, η, η†
)
= U˜ † −
√
2 η† F ∗ − iη†η dU˜ † , U˜ † = u˜† − d⊥
d
u† , (3.5)
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Superfield Construction Constraint RPI-I RPI-III Mass Dim.
Φ Φfull|η˜=0 D¯Φ = 0 Φ Φ 1
C 1√
2
D˜Φfull|η˜=0 D¯C = −i
√
2 d∗⊥Φ C +
κI√
2
DΦ eκIII/2C 3/2
Φ†F
1√
2
DC DΦ†F = 0 Φ
†
F Φ
†
F 2
U˜ i√
2
D¯
d Φ
†
F D¯U˜ = 0 U˜ e
κIII/2 U˜ 3/2
Table 3: Collinear superfields for chiral matter, along with their top-down construction,
constraints, and symmetry properties. Note that RPI-II is omitted since it is only well-
defined at the level of components. The RPI-I and RPI-III charges of a superfield are
inherited from its lowest component.
which is an anti-chiral superfield satisfying DU˜ † = 0. Since both U˜ = 0 and F = 0 for a free
chiral multiplet, we can consistently write the superfield expression U˜ = 0, which is why
the U˜ field did not need to appear in Ref. [1].
3.3 An “Almost Chiral” Superfield
Though U˜ is RPI-I invariant, it has complicated transformation properties under RPI-II
owing to the (d∗⊥/d)u term in U˜ . This complicates the construction of RPI-II invariant
Lagrangians, especially for superpotential terms in Sec. 4.2.
To address this issue, we introduce an exotic constrained superfield C, build from the
following combination of Φ and U˜ :6
C(xµ, η) ≡ U˜ + 1√
2
d∗⊥
d
DΦ
= u˜−
√
2 η F − i
√
2 η† d∗⊥φ− iη†η
(
2 d∗⊥u− du˜
)
. (3.6)
This superfield has the opposite helicity fermion u˜ as its lowest component, which is RPI-II
invariant, though the multiplet as a whole does transform non-trivially under RPI-II.
Like U˜ , the C superfield is a fermionic multiplet with mass dimension 3/2 and RPI-
III charge +1/2. Unlike U˜ , though, C has a non-trivial (but still well-defined) RPI-I
6Since the symbol U˜ was already taken, we chose the notation C because it looks like U on its side.
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transformation:
C −−−−→
RPI-I
C +
κI√
2
DΦ , (3.7)
which follows from d∗⊥ → d∗⊥ + κI d.
This exotic object C is neither chiral nor real. It does, however, satisfy an interesting
constraint. Acting on Eq. (3.6) with the D¯ derivative:
D¯C = −i
√
2 d∗⊥Φ , (3.8)
where we used
{
D¯,D
}
= −2i d. It is straightforward to check that Eq. (3.8) is compatible
with the RPI-I transformation in Eq. (3.7). So while C is not a chiral multiplet, it is chiral
up to a chiral term. Therefore, we will call this an “almost chiral” superfield. This property
of C is rather unfamiliar from the perspective of standard N = 1 superspace,7 but we can
make use of Eq. (3.8) to avoid tedious component manipulations.
3.4 Top-Down Derivation of Auxiliary Chiral Superfield
The derivation of U˜ in Sec. 3.2 was bottom up, relying only on the symmetries and mass
dimensions of the component fields. As summarized in Table 3, a top-down way to derive
U˜ is by starting with a full N = 1 chiral multiplet, and then taking collinear superspace
derivatives before setting η˜ = 0. Along the way, we will rediscover the exotic constrained
superfield C from Sec. 3.3 as well as an anti-chiral superfield Φ†F whose lowest component is
the F auxiliary field. Recall from Eq. (2.19) that just setting η˜ = 0, we have Φ = Φfull|η˜=0.
We begin by exploring what happens when we act with D˜ on a full chiral superfield
Φfull, before reducing to collinear superspace by setting η˜ = 0:
C
(
xµ, η, η†
) ≡ 1√
2
(
D˜Φfull
) ∣∣∣∣
η˜=0
= u˜−
√
2 ηF − i
√
2 η† d∗⊥φ− iη†η
(
2 d∗⊥u− du˜
)
. (3.9)
This is precisely the exotic multiplet C introduced in Eq. (3.6). Because it is constructed
using D˜, it has non-trivial RPI-I transformation properties, as shown in Eq. (3.7). We can
derive the constraint in Eq. (3.8) from the top down via:
D¯
(
1√
2
D˜Φfull
)
= −i
√
2 d∗⊥Φ
full − 1√
2
D˜
(
D¯Φfull
)
−−−→
η˜=0
D¯C = −i
√
2 d∗⊥Φ , (3.10)
where we used
{
D¯, D˜
}
= −2i d∗⊥ and the chirality constraint (D¯Φfull)|η˜=0 = D¯Φ = 0.
7This “almost chiral” constraint is perhaps reminiscent of the constraints on the Ferrara-Zumino mul-
tiplet [43]; see discussion in Ref. [44].
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Next, we can construct a multiplet derived from C that is RPI-I invariant and has mass
dimension 2:
Φ†F ≡
1
2
(
DD˜Φfull
) ∣∣∣∣
η˜=0
=
1√
2
DC = −F − i
√
2 η† dU˜ + iη†η dF . (3.11)
This multiplet has the auxiliary field F as the lowest component, but we have written it as
Φ†F because it satisfies the anti-chirality constraint DΦ
†
F = 0.
Finally, to derive U˜ , we act with another superderivative:
U˜
(
xµ, η, η†
) ≡ i√
2
D¯
d
Φ†F =
i
2 d
(
D¯DD˜Φfull
) ∣∣∣∣
η˜=0
= U˜ −
√
2 η F + iη†η dU˜ , (3.12)
which reproduces the component expression in Eq. (3.4). Note that D¯2 = 0 provides insight
into why U˜ is an chiral superfield, i.e., that it satisfies D¯U˜ = 0. The sequence of steps from
Φfull to U˜ is summarized in Table 3.
Of course, these fields are not independent. We can relate U˜ to C by applying the
chiral projector from Eq. (2.10):
U˜ =
iD¯D
2 d
C . (3.13)
Similarly, we can relate Φ†F to U˜ through a superspace derivative:
DU˜ = DC =
√
2 Φ†F . (3.14)
We now have both a bottom-up and a top-down way of understanding how to package
the auxiliary F -term into a collinear superspace multiplet. While U˜ is the most natural
object to construct from bottom-up considerations, C is more natural from the top-down
perspective, and both will be convenient for constructing RPI-II invariant actions. The field
Φ†F plays only a minor role in this paper, though it could in principle be used as a building
block since it contains the same component fields.
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4 Casting Anchor: The Wess-Zumino Model
We now have the ingredients necessary to rediscover the Wess-Zumino model in the language
of collinear superspace. Recall that the obstruction encountered in Ref. [26] was due to the
fact that the Yukawa interaction necessarily involves flipping the helicity of the fermion,
but this opposite-helicity degree of freedom, u˜, was already eliminated using the light-cone
fermion equations of motion. In Ref. [26], this problem was addressed by introducing an
external current to encode the desired interaction. In this section, we demonstrate a new
approach that utilizes the U˜ and C superfields.
We begin with a bottom-up construction. Using the transformations given in Tables 1
and 2, we can construct Lagrangians that are invariant under both RPI and collinear SUSY,
yielding consistent theories involving Φ, U˜ , and C expressed in collinear superspace. As
already emphasized, RPI-II must be checked at the component level, and here we will see
how it leads to a non-trivial relation between the kinetic term for Φ and U˜ , as well as an
alternative way of understanding the structure of the superpotential via C. We also provide
a top-down derivation of the Wess-Zumino model, in order to show the explicit connection
to the full N = 1 theory.
4.1 The Kinetic Term
Just as there was a unique kinetic term for the collinear chiral superfield Φ in Eq. (2.22),
there is a unique “kinetic term” for the auxiliary chiral superfield U˜ :8
L ⊃ nK
2
DD¯
[
U˜ †U˜
]∣∣∣∣
0
, (4.1)
where nK is a normalization factor that will be determined in what follows. This is the only
mass-dimension four bi-linear term for U˜ allowed by RPI-I, RPI-III, and collinear SUSY.
RPI-I is trivially realized since U˜ is invariant, and RPI-III is satisfied since DD¯ has charge
−1 which compensates the +1 charge of U˜ †U˜ . Expanding this term in components yields
1
nK
L ⊃ F ∗F + i
(
u˜† du˜− u† d⊥u˜− u˜† d∗⊥u+ u† d˜u
)
− iu†2
d
u . (4.2)
Next, we note that the Φ kinetic term in Eq. (2.22) is not invariant under RPI-II, as
8We will use the standard terminology of calling the bi-linear term for the auxiliary field a “kinetic
term” even though it may not propagate.
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defined by Eq. (2.23). Specifically, the fermion kinetic term of Eq. (2.22) transforms as:
iu†
2
d
u −−−−−→
RPI-II
iu†
2
d
u+ κ∗II iu˜
†2
d
u+ κII iu
†2
d
u˜+O(κ2II) . (4.3)
This is in contrast to the case with the alternative realization of RPI-II in Eq. (2.24), where
u˜ is integrated out using its equations of motion and the Φ kinetic term is RPI-II invariant.
Here, we are working with a theory where u˜ appears explicitly, and as such we must include
it in the RPI transformations as given in Table 2.
When combining the Φ and U˜ kinetic terms together with nK = 1, though, the prob-
lematic term in Eq. (4.3) drops out, leading to9
L = 1
2
DD¯
[
Φ†
i2
d
Φ + U˜ †U˜
]∣∣∣∣
0
= −φ∗2φ+ F ∗F + i
(
u˜† du˜− u† d⊥u˜− u˜† d∗⊥u+ u† d˜u
)
. (4.4)
This last term in parenthesis is just the Lorentz-invariant fermion kinetic term expanded in
light-cone coordinates and is therefore manifestly RPI-II invariant. In essence, RPI-II has
forced a non-trivial relation between the Φ and U˜ fields that is only satisfied for nK = 1;
this is to be expected since the connection between the degrees of freedom contained within
these two separate superfields must be enforced by Lorentz invariance. Thus, by imposing
RPI-II from the bottom up, we have recovered the full Lorentz-invariant kinetic term for a
chiral superfield. In Sec. 4.7, we will present a top-down argument for the form of Eq. (4.1).
4.2 The Majorana Mass Term
As mentioned above, the new superfield object C is useful for building a superpotential.10
To demonstrate this concretely, we take a single flavor of chiral superfield Φ along with its
9To our knowledge, this way of expressing the Lagrangian as a contribution from a propagating and a
non-propagating superfield was first written down in Eq. (6.6) of Ref. [27] by relying on top-down arguments.
10One might wonder why it is preferable to use C instead of U˜ for building the superpotential. In fact,
it is possible to write the Majorana mass term as L ⊃ (D/√2)[m U˜Φ]∣∣
0
+ h.c., which yields the same
expression as Eq. (4.6) below after making the replacement U˜u → u˜u in the component expression. This
last manipulation is valid because of the Grassmann nature of u, since up to total derivatives we have:
u
(
d∗⊥
d
u
)
=
(
d∗⊥
d
u
)
u = −u
(
d∗⊥
d
u
)
= 0 , (4.5)
where we used integration by parts for the first manipulation, and anti-commutation of Grassmann variables
for the second. Note that this special structure will not hold for the more general interactions considered
in Secs. 4.3 and 4.5 below, which is why we formulate what follows in terms of C since it automatically has
u˜ as its lowest component.
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corresponding C, and show how to construct the simplest superpotential, namely a SUSY
Majorana mass term. A fermion mass involves both helicities, so we need a bilinear term
involving both fields. The unique mass-dimension four term that respects collinear SUSY,
RPI-I, and RPI-III is
L ⊃ D√
2
[
mCΦ
]∣∣∣∣
0
+ h.c. = mu˜u−mF φ+ h.c. , (4.6)
where the mass parameter m is dimension one. Note that the expression in square brackets
is fermionic chiral multiplet up to a total derivative (see Sec. 4.3 for a discussion of this
property), as required by Eq. (2.21), since C is a fermionic almost-chiral superfield.
As desired, Eq. (4.6) contains the component mass terms of a single field Wess-Zumino
model. Invariance under RPI-I and RPI-III follows because Φ and C do not transform
under RPI-I, and the RPI-III transformation of C cancels against that of D. Using the
component expression in Eq. (4.6), we can check that RPI-II is also satisfied:
u˜u −−−−−→
RPI-II
u˜u+ κII u˜
2 = u˜u , since u˜2 = 0 , (4.7)
so RPI-II does not play a role in constraining the form of the mass operator.
4.3 Single-Flavor Interactions
Relying on the same logic that led to Eq. (4.6) allows us to construct more general interac-
tions. Consider the following interaction term:
L ⊃ 1√
2
D
[
C h′(Φ)
]∣∣∣∣
0
+ h.c. = h′′(φ)uu˜− F h′(φ) + h.c. , (4.8)
where with malice aforethought we have written h′(φ) as the derivative of a holomorphic
function. Note that this does not actually enforce any constraints on the form of h′ since
any sufficiently smooth function can be written as the derivative of another.
Remarkably, Eq. (4.8) yields a valid collinear superspace Lagrangian. Though C is not
chiral, we can use Eq. (3.8) to show that the term in square brackets is indeed chiral up to
a total derivative:
D¯
(
C h′(Φ)
)
= h′(Φ) D¯C = −
√
2i h′(Φ) d∗⊥Φ = −
√
2i d∗⊥ h(Φ) , (4.9)
where in the last step we used the reverse chain rule. Similarly, though C is not RPI-I
invariant, we can use Eq. (3.7) and a reverse chain rule trick to show that Eq. (4.8) is RPI-I
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invariant up to total derivatives:
D
[
C h′(Φ)
]∣∣∣∣
0
−−−−→
RPI-I
D
[
C h′(Φ)
]∣∣∣∣
0
+
κI√
2
D
[
(DΦ)h′(Φ)
]∣∣∣∣
0
= D
[
C h′(Φ)
]∣∣∣∣
0
+
κI√
2
D
[
Dh(Φ)
]∣∣∣∣
0
= D
[
C h′(Φ)
]∣∣∣∣
0
. (4.10)
Finally, the component expression in Eq. (4.8) is manifestly RPI-II invariant by inspection,
since it only involves RPI-II invariant objects.
In Sec. 4.5, we will see how RPI-II enforces the expected structure of a multi-flavor
superpotential, such that we can identify
h′(φ) ≡ W ′(φ) = ∂W
∂φ
, (4.11)
where W (φ) is the standard superpotential. In the single field case, this imposes no restric-
tions on the form of h′(φ) in Eq. (4.8).
Putting all of the above ingredients together, we have the complete Lagrangian for a
single-field Wess-Zumino model:11
L = 1
2
DD¯
[
Φ†
i2
d
Φ + U˜ †U˜
]∣∣∣∣
0
+
1√
2
D
[
CW ′(Φ)
]∣∣∣∣
0
+ h.c. . (4.12)
In the renormalizable case, we can write
W (φ) = f φ+
1
2
mφ2 +
1
3
y φ3 , (4.13)
where f is a source term for the F -term auxiliary field (relevant for SUSY breaking), m
is the Majorana mass term, and y is the Yukawa coupling. In summary, we have achieved
a collinear superspace formalism that lets us incorporate the non-propagating degrees of
freedom u˜ and F .
4.4 Equations of Motion
To connect to the discussion in Refs. [1, 26], it is instructive to integrate out the auxiliary
field U˜ . Starting from Eq. (4.12) and using Eq. (3.6), we can compute the equations of
motion for the non-propagating degrees of freedom directly in superspace:
δL
δU˜ †
= 0 =⇒ idU˜ + D¯√
2
W ′(Φ†) = 0 , (4.14)
11Following footnote 5, we see the rule that every D or D¯ comes with a 1/
√
2 to yield the correct
normalization.
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where we have used Eq. (3.6) and D¯DU˜ = −2i dU˜ , which holds since U˜ is chiral. Plugging
this back into Eq. (4.12), we find
L = 1
2
DD¯
[
Φ†
i2
d
Φ + iW ′
(
Φ†
)1
d
W ′
(
Φ
)]∣∣∣∣
0
+
1
2
D
[
Φ
d∗⊥
d
DW ′(Φ)
]∣∣∣∣
0
+ h.c. . (4.15)
Noting that W ′(φ) is mass dimension 2, this is a valid collinear SUSY Lagrangian.
Given the analysis of Ref. [1], Eq. (4.15) is a rather surprising expression. There,
we started from a local theory and integrated out the non-propagating u˜ and F fields to
derive an apparently non-local Lagrangian expressed only in terms of propagating degrees
of freedom. Since it was derived by integrating out U˜ from a theory that respects RPI-II,
Eq. (4.15) must also respect RPI-II. However, the RPI-II transformations must be revisited
in the theory where u˜ has been integrated out, in the same spirit as going from Eq. (2.24)
to Eq. (2.23).
Taking the lowest component of Eq. (4.14), we find the equation of motion for the u˜
field:
δL
δu˜†
= 0 =⇒ u˜ = d
∗
⊥
d
u+ i
1
d
W ′ ′(φ∗)u† . (4.16)
It is straightforward to check that Eq. (4.15) respects a nonlinear RPI-II transformation of
u that involves both u and u†:
u −−−−−→
RPI-II
u+ κII
(
d∗⊥
d
u+ i
1
d
W ′ ′(φ∗)u†
)
, (4.17)
where we simply inserted the u˜ equation of motion into Eq. (2.23). In this way, RPI-II is
non-trivially modified by the presence of interactions arising from the off-shell degrees of
freedom.
It is instructive to consider a few special cases. When W = f φ, SUSY is spontaneously
broken, and the vacuum energy must be non-zero. This shows up in Eq. (4.15) by the fact
that W ′(Φ) is just a constant, so (1/d)W ′(Φ) is not well-defined. Thus, to have a healthy
collinear SUSY theory with spontaneous SUSY breaking, the U˜ field must remain in the
spectrum in order for F to get an expectation value.
When W = 1
2
mφ2, we return to the theory in Eq. (4.6). Even though the mass term
flips the helicity, it is possible to achieve the same physics with just the u field, with the
helicity flip encoded in a modified propagator:
L = 1
2
DD¯
[
Φ†
i (2+m2)
d
Φ
]∣∣∣∣
0
, (4.18)
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and a modified RPI-II transformation u → u + κII
(
d∗⊥
d u+ i
1
d mu
†
)
. That said, it is often
more convenient to keep the u˜ field in the spectrum for practical calculations.
Finally, when W = 1
3
y φ3, Eq. (4.15) only has quartic interactions, and not the cubic in-
teractions expected of a Yukawa theory. As discussed in Ref. [26], once u˜ has been integrated
out, external sources are needed to reproduce the helicity-flipping Yukawa interaction. By
keeping the U˜ field in the spectrum, we can incorporate the off-shell modes u˜ and F in
collinear superspace and avoid the need for external currents.
4.5 Multiple Flavors
Extending the analysis of Sec. 4.2 to the case of multiple flavors Φj is straightforward and
illuminating. After imposing RPI and collinear SUSY, the most general renormalizable
theory we can write takes the form
LWZ = 1
2
DD¯
[
Φ†j
i2
d
Φj + U˜
†
j U˜j
]∣∣∣∣
0
+
1√
2
(
D
[
CjWj(Φ)
]∣∣∣∣
0
+ h.c.
)
, (4.19)
where a sum over j is implied. Without loss of generality, we are using Cj instead of U˜j to
make it easier to enforce RPI-II invariance. At the moment, Wj(Φ) is just a holomorphic
function of the collinear superfields labeled by j (and not involving any derivatives). Here,
we have rotated and rescaled the fields in order to make the kinetic terms diagonal and
canonically normalized.
Because C is neither chiral nor RPI-I invariant, we must impose constraints on Wj(Φ)
for this to be a valid collinear superspace Lagrangian. Repeating the exercise in Eq. (4.9),
we have
D¯
(
CjWj(Φ)
)
= Wj(Φ) D¯Cj = −i
√
2Wj(Φ) d
∗
⊥Φj . (4.20)
In general, this is not a total derivative, unless12
Wj(φ) ≡ ∂W
∂φj
, (4.21)
where W is now the familiar superpotential. One can check that Eq. (4.21) is necessary and
sufficient for Eq. (4.19) to be RPI-I invariant (up to a total derivative) as well.
For RPI-II, the kinetic terms are manifestly RPI-II invariant following the same logic as
Sec. 4.1. To check whether the interaction terms are RPI-II invariant, we have to write down
12For the remainder of this paper, we use the standard notation of subscripts on functions corresponding
to derivatives.
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the component expression. The terms with non-trivial RPI-II transformation properties are:
LWZ ⊃ u˜j ∂Wj
∂φk
uk −−−−−→
RPI-II
u˜j
∂Wj
∂φk
uk + κII u˜j
∂Wj
∂φk
u˜k . (4.22)
The only way for this expression to be RPI-II invariant is if ∂Wj/∂φk is symmetric in j and
k, since u˜j are anti-commuting fields. Indeed, this is case if we impose Eq. (4.21).
This is a novel way to understand the required structure of the superpotential. In the
standard N = 1 superspace language, the superpotential has to be holomorphic to respect
SUSY, and the fact that interactions arise from derivatives of the superpotential then follow
from the component expansion. In collinear superspace, Wj(φ) has to be holomorphic in
order to respect collinear SUSY, but if we used U˜jWj(Φ) instead of CjWj(Φ), the form of
Wj would naively look to be unconstrained. The fact that we have to use Cj then follows
from RPI-II invariance, which in turn requires Wj to be the derivative of the superpotential
by chirality and RPI-I. Of course, these two perspectives are related, which we will see in
the top-down derivation below.
As an example of Eq. (4.19), consider the superpotential coupling between three chiral
superfields W = λφ1 φ2 φ3. In collinear superspace, the interaction terms take the form
LWZ ⊃ 1√
2
λD
[
C1 Φ2 Φ3 +C2 Φ1 Φ2 +C3 Φ1 Φ2
]∣∣∣∣
0
+ h.c. , (4.23)
where one can check explicitly that the same coupling λ must multiply all three terms in
order to preserve RPI-II.
4.6 Top-Down Derivation of Superpotential
Using the strategy of Sec. 3.4, we can understand the structure of the superpotential inter-
actions from the top down. The full N = 1 superpotential term, written in the notation of
Sec. 2.1, is
LW = 1
2
DD˜
[
W
(
Φfull
)]∣∣∣∣
θ=0=θ†
+ h.c. . (4.24)
Here, we used the fact that∫
d2θ
[
. . .
]
= −1
4
Dfullα Dfullα
[
. . .
]
=
1
2
DD˜
[
. . .
]
, (4.25)
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up to total derivatives. Carrying out the D˜ derivative, setting η˜ = 0 to go to collinear
superspace, and using C = 1√
2
(D˜Φfull)|η˜=0, we have
LW = 1√
2
D
[
CjWj(Φ)
]∣∣∣∣
0
+ h.c. , (4.26)
where again a sum over j is implied and we using the standard notation Wj = ∂W/∂φj.
This is precisely the form of Eq. (4.19) obtained from the bottom up.
While the exotic C field might have seemed strange from the bottom-up perspective,
Eq. (4.26) emphasizes why it was indeed necessary. Of course, C is just a function of Φ
and U˜ by Eq. (3.6), so we can write Eq. (4.26) using Φ and U˜ alone:
LW = 1√
2
D
[
U˜jWj(Φ)− 1√
2
d∗⊥
d
(
DΦj
)
Wj(Φ)
]∣∣∣∣
0
+ h.c. . (4.27)
This form, however, offers no additional insight into the structure of the problem. The first
term is manifestly chiral and RPI-I invariant for any Wj(φ), but not RPI-II invariant. The
second term is neither chiral nor RPI-I invariant unless Wj(φ) ≡ ∂W/∂φj, nor is it RPI-II
invariant. Only this combination exhibits the desired symmetries, which is why it makes
sense to package them together via Cj.
4.7 Top-Down Derivation of Ka¨hler Potential
In Sec. 4.1, we only wrote down the minimal kinetic term and did not include more general
Ka¨hler potential interactions. The reason is that RPI-II imposes rather non-trivial con-
straints on Ka¨hler interactions, which is easiest to see from the top down. The full N = 1
Ka¨hler potential term is:
LK = 1
4
D¯D ¯˜DD˜
[
K
(
Φfull,Φfull †
)]∣∣∣∣
θ=0=θ†
, (4.28)
where K(φ, φ∗) is real function. We will use the notation Kj ≡ ∂K/∂φj and Kk¯ ≡ ∂K/∂φ∗k
for derivatives with respect to fields.
Analogous to Sec. 4.6, we can carry out the D˜ and ¯˜D derivatives, set η˜ = 0, and use the
fields defined in Sec. 3.4:
LK = 1
2
D¯D
[
Kjk¯
(
Φ,Φ†
)
Cj C
†
k¯
+ iKj
(
Φ,Φ†
)
d˜Φj
]∣∣∣∣
0
, (4.29)
where we used ¯˜DD˜Φfullk = −2i d˜Φfullk . To symmetrize the second term and make this expres-
sion manifestly real, one can use the fact that d˜K = Kj d˜φj +Kk¯ d˜φ∗¯k is a total derivative.
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We have not found a rewriting of Eq. (4.29) that makes RPI-I invariance obviously
manifest. Like in Eq. (4.27), it is possible to use Eq. (3.6) to replace C with U˜ and Φ, but
we find that there are always terms involving d⊥ or d˜ that remain, which obscures RPI-I.
For this reason, it is challenging to find valid Ka¨hler potential interactions from the bottom
up.
Since it is non-obvious, we provide the details of the check of that Eq. (4.29) is RPI-I
invariant, critically including the shift of C in Eq. (3.7). First, note that
DKk¯ = Kjk¯ DΦj and D¯Kj = Kjk¯ D¯Φ
†
k¯
. (4.30)
Then
LK −−−−→
RPI-I
1
2
D¯D
[
Kjk¯
(
Cj +
κI√
2
DΦj
)(
C†
k¯
+
κ∗I√
2
D¯Φ†
k¯
)
+ iKj
(
d˜ + κ∗I d
∗
⊥ + κI d⊥
)
Φj
]∣∣∣∣
0
= LK + 1
2
D¯D
[
κI
(
1√
2
Kjk¯
(
DΦj
)
C†
k¯
+ iKj d⊥Φj
)
+ κ∗I
(
1√
2
Kjk¯
(
D¯Φ†
k¯
)
Cj + iKj d
∗
⊥Φj
)]∣∣∣∣
0
= LK + 1
2
D¯D
[
κI
(
1√
2
(
DKk¯
)
C†
k¯
+ iKj d⊥Φj
)
+ κ∗I
(
1√
2
(
D¯Kj
)
Cj + iKj d
∗
⊥Φj
)]∣∣∣∣
0
= LK + 1
2
D¯D
[
κI
(
Kk¯
(
id⊥Φ
†
k¯
)
+ iKj d⊥Φj
)]∣∣∣∣
0
= LK + 1
2
D¯D
[
κI id⊥K(Φ
†
k¯
,Φj)
]∣∣∣∣
0
= LK , (4.31)
where in the second line we only kept terms to leading order in κI, in the third line we used
Eq. (4.30), in the fourth line we used integration by parts on D and D¯ (noting that there is
no minus sign because C is fermionic) along with the almost-chiral constraint in Eq. (3.8),
and in the final line we used the reverse chain rule. The expression in parentheses on the
final line is a total derivative, id⊥K, demonstrating the RPI-I invariance of Eq. (4.29).
In the case of the canonical Ka¨hler potential K = φ∗j φj, it is straightforward to show
that
Lcanonical = 1
2
D¯D
[
Cj C
†
j + iΦ
†
j d˜Φj
]∣∣∣∣
0
=
1
2
D¯D
[
Φ†j
i2
d
Φj + U˜
†
j U˜j
]∣∣∣∣
0
, (4.32)
where in addition to Eq. (3.6), we used integration by parts and the fact that d˜ = (2 +
d∗⊥d⊥)/d. This reproduces the kinetic terms of Eq. (4.4), with the normalization of the Φ
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and U˜ kinetic terms linked, demonstrating the connection between the full Lorentz-invariant
theory and the collinear superspace realization of the same physics.
5 Setting Sail for the D-term
Having seen how to construct theories out of the building blocks that explicitly separate the
propagating from the non-propagating degrees of freedom for a chiral multiplet in collinear
superspace, we will now apply the same strategy to the theory of an Abelian gauge multiplet.
In addition to the propagating degrees of freedom A and λ contained in ΦA (see Eq. (2.26)),
our goal is to write down an object — the auxiliary real superfield Vn·A below in Eq. (5.15)
— that encodes the gauge potential n · A, the opposite-helicity fermion λ˜ = ξ˜αλα, and the
scalar auxiliary D-term. One crucial new aspect of the gauge theory case (as compared to
the auxiliary fermion field U˜ discussed in Sec. 3) is that the auxiliary field n ·A transforms
non-trivially under RPI-I, implying that Vn·A must as well. Nevertheless, we will show how
to take appropriate superderivatives of Vn·A to define the RPI-I invariant object U˜λ, which
will be convenient for constructing the gauge kinetic term.
In this section, we first emphasize the importance of working in LCG and WZG in
collinear superspace. We then take a bottom-up perspective to argue that the form of Vn·A
is fixed by RPI-I, RPI-III, and collinear SUSY. This section concludes with a top-down
derivation of ΦA and Vn·A starting from a full N = 1 vector superfield.
5.1 The Importance of Gauge Fixing
To make SUSY manifest, SUSY gauge theories have additional gauge redundancies beyond
those of non-SUSY gauge theories. Taking an Abelian U(1) gauge symmetry for simplicity,
recall that the real gauge transformation parameter ω is promoted to a full chiral superfield
Ωfull, where the full superscript anticipates that this will be related to Ω from Eq. (2.31) in
collinear superspace. An N = 1 vector superfield transforms as
V full −−−−−→
Gauge
V full +
i
2
(
Ωfull −Ωfull †) , (5.1)
which encodes the transformation of the Abelian gauge field Aµ → Aµ + ∂µω, along with
additional redundancies associated with the modes of Ωfull.
For practical calculations, it is convenient to work in WZG, where the additional SUSY
redundancies are fixed by setting various components of V full equal to zero. We start from
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the full N = 1 vector superfield that satisfies V full = V full †:
V full = C + i
(
ηξα + η˜ξ˜α
)
χα − i
(
η†ξ†α˙ + η˜
†ξ˜†α˙
)
χ†α˙ + iηη˜(M + iN)− iη˜†η†(M − iN)
+
(
ηη† n¯ · A+
√
2 ηη˜†A+
√
2 η˜η†A∗ + η˜η˜† n · A
)
− 2i ηη˜
(
ξ†α˙η
† + ξ˜†α˙ η˜
†
)[
λ†α˙ +
i
2
(σ¯ · ∂χ)α˙
]
+ 2i η˜†η†
(
ξαη + ξ˜αη˜
)[
λα +
i
2
(
σ · ∂χ†)
α
]
− 2 ηη˜η˜†η†
(
D +
1
2
2C
)
, (5.2)
where for later convenience, we have used Eq. (1.2) to replace θα with η and η˜. Here, A
µ
is the gauge field, λα and its conjugate are the mass dimension 3/2 gauginos, and D is
the auxiliary D-term. In WZG, the mass dimension 1/2 fermion χα and the real scalars
C, M , and N are fixed to zero using the additional redundancy encoded in Eq. (5.1), so
that the only remaining component is the collinear SUSY gauge transformation superfield
Ωfull|WZG = ω, where ω is real.
In collinear superspace, it is convenient to work in LCG with n¯ ·A = 0. One compelling
reason is that A → A+ κI n¯ ·A under RPI-I, so working in LCG makes A manifestly RPI-I
invariant. At first glance, WZG and LCG seem to be independent choices, but we now
show that maintaining manifest collinear SUSY requires imposing both of these conditions
simultaneously.
Taking a top-down perspective (see further discussion in Sec. 5.5), consider the following
collinear chiral superfield by acting on Eq. (5.2) with collinear superspace derivatives and
setting η˜ = 0:
Φn¯·A =
(
D¯DV full
)∣∣∣
η˜=0
=
(
n¯ · A− idC)+ 2 η ξαdχα + iη†η d(n¯ · A− idC) . (5.3)
This field has RPI-III charge +1 and satisfies the collinear chiral constraint D¯Φn¯·A = 0 by
construction. Since both n¯ ·A and C are real scalars, Φn¯·A has the correct degrees of freedom
to be a collinear chiral multiplet.
If we were to fix either WZG or LCG, then Φn¯·A would no longer be a valid collinear
chiral multiplet since it would be missing various components. However, simultaneously
imposing both WZG and LCG yields Φn¯·A = 0, which is a valid constraint that preserves
collinear SUSY.13 For this reason, we work in both WZG and LCG for the remainder of this
13Strictly speaking, this condition does not require setting M = N = 0, though one can make a similar
argument by inspecting
(
DD˜V full
)∣∣∣
η˜=0
.
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paper.
As already discussed in Sec. 2.6, going to LCG further restricts the form of Ωfull to be
ΩfullWZG,LCG = ω with dω = 0 . (5.4)
Going to collinear superspace with η˜ = 0, this corresponds to the real, chiral, anti-chiral
superfield Ω from Eq. (2.31):
ΩfullWZG,LCG
∣∣
η˜=0
≡ Ω . (5.5)
More explicitly, acting D¯D on the gauge transformation in Eq. (5.1) we have
Φn¯·A −−−−−→
Gauge
Φn¯·A + dΩ
full
∣∣
η˜=0
, (5.6)
where we can parametrize
Ωfull
∣∣∣
η˜=0
= (ω + iτ) +
√
2 ηψω + iη
†η d(ω + iτ) , (5.7)
with ω and τ being real. Correlating with Eq. (5.3), we can use τ to set C to zero, ψω to
set χ to zero, and LCG is compatible with ω 6= 0 satisfying dω = 0.
5.2 Component SUSY, RPI, and Gauge Transformations
Constructing the analog of Eq. (3.1) for gauge superfields, we can check that collinear SUSY
closes on the component fields in WZG and LCG. Acting with the collinear supersymmetry
charges Q and Q¯ (or equivalently, performing the full N = 1 SUSY transformation with
SUSY transformation parameter ζα = ξα) yields:
δA =
√
2i λ† ,
δA∗ = −
√
2i λ† ,
δ(n · A) = 2i
(
λ˜† − λ˜†
)
,
δλ =
√
2 dA ,
δλ˜ = −iD − 1
2
d(n · A) + 1√
2

(
d⊥A∗ − d∗⊥A
)
,
δD = dλ˜† − d⊥λ† − †dλ˜+ †d∗⊥λ , (5.8)
where the two gaugino helicities are λ = ξαλα and λ˜ = ξ˜
αλα. The LCG choice n¯ · A = 0 is
compatible with collinear supersymmetry since δ(n¯ ·A) = 0. Note that (†λ)† = λ† = −λ†,
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Component RPI-I RPI-II RPI-III Res. Gauge
A A+ κ∗I√
2
n¯ ·A A+ κII√
2
n ·A A A+ d⊥√
2
ω
A∗ A∗ + κI√
2
n¯ ·A A∗ + κ∗II√
2
n ·A A∗ A∗ + d∗⊥√
2
ω
n ·A n ·A+√2 (κ∗I A∗ + κIA) n ·A eκIII n ·A n ·A+ d˜ω
n¯ ·A n¯ ·A n¯ ·A+√2 (κIIA∗ + κ∗IIA) e−κIII n¯ ·A n¯ ·A
λ λ λ+ κII λ˜ e
−κIII/2 λ λ
λ˜ λ˜+ κI λ λ˜ e
κIII/2 λ˜ λ˜
D D D D D
Table 4: Transformation properties for the Abelian gauge theory degrees of freedom.
Throughout, we work in LCG with n¯ · A = 0, such that A and A∗ are RPI-I invariant.
Like in the chiral matter case, RPI-II is linearly realized with the inclusion of the λ˜ and
n · A components.
so that for instance n · A transforms into a real field as it should.
In WZG and LCG, the scalar field A and fermion λ transform exactly like the φ and u
fields in Eq. (3.1), which explains why it is consistent for them to be packaged into the chiral
multiplet ΦA in Eq. (2.26). Building a multiplet containing the non-propagating n · A, λ˜,
and D fields is more complicated, since the collinear SUSY transformations rotate them into
the A and λ fields. However, this issue can be circumvented by noting that the combination
DA ≡ D + i√
2
(d⊥A∗ − d∗⊥A) (5.9)
allows us to identify three fields that close under collinear SUSY (in LCG):
δ(n · A) = 2i
(
λ˜† − λ˜†
)
,
δλ˜ = −iDA − 1
2
d(n · A) ,
δDA = dλ˜
† − †dλ˜ , (5.10)
where to derive these transformations, we simply applied Eq. (5.8) to Eq. (5.9). These will
be the three components of the auxiliary real superfield Vn·A.
Next, we turn to the RPI transformations of the component fields, which are summarized
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in Table 4. As we already anticipated and will show explicitly in Sec. 5.3, the auxiliary real
superfield Vn·A must have non-trivial RPI-I transformation properties, so we highlight the
RPI-I transformations of the fields in Eq. (5.10), restricted to LCG:
n · A −−−−→
RPI-I
n · A+
√
2
(
κ∗I A∗ + κIA
)
,
λ˜ −−−−→
RPI-I
λ˜+ κI λ ,
DA −−−−→
RPI-I
DA +
i√
2
d
(
κ∗I A∗ − κIA
)
. (5.11)
Under RPI-III, n ·A has charge +1, λ˜ has charge +1/2, and DA has RPI-III charge 0; using
these facts, we will see below that Vn·A has homogenous RPI-III scaling.
In parallel with Sec. 3.1, it is convenient to identify objects that are invariant under
RPI-I. For the fermionic component λ˜, this unsurprisingly implies the same combination as
in Eq. (3.2) above, involving the propagating gaugino helicity λ:
U˜λ ≡ λ˜− d
∗
⊥
d
λ . (5.12)
For the bosonic components, D is already RPI-I invariant by itself, as is
∂µA
µ = d(n · A)−
√
2
(
d⊥A∗ + d∗⊥A
)
. (5.13)
These RPI-I invariant combinations will appear in the U˜λ field defined below in Sec. 5.4.
Note that U˜λ has RPI-III charge 1/2 and ∂µA
µ is RPI-III invariant.
The (Abelian) residual gauge transformation of the components are also given in Table 4.
Specifically, for the non-propagating degrees of freedom, we find
n · A −−−−−→
Gauge
n · A+ d˜ω ,
λ˜ −−−−−→
Gauge
λ˜ ,
DA −−−−−→
Gauge
DA , (5.14)
where we have used the fact that dω = 0 in LCG to simplify the last line.
5.3 The Auxiliary Real Superfield
With the collinear SUSY and RPI transformations in place and fixing to WZG and LCG, we
can write down a real collinear superfield that contains the non-propagating gauge degrees
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of freedom:
Vn·A = n · A+ 2i ηλ˜† + 2i η† λ˜+ 2 η†η DA , (5.15)
where DA is defined in Eq. (5.9). This field has mass dimension 1, RPI-III charge +1, and
it satisfies the reality condition Vn·A = V
†
n·A because
(
iηλ˜† + iη† λ˜
)†
= −iλ˜η† − iλ˜†η =
iη† λ˜+ iηλ˜†. One can perform a collinear SUSY transformation of this superfield by taking
η → η +  to verify that the components transform as advertised in Eq. (5.10). Assuming
that n · A is in the lowest component of Vn·A, the form of Eq. (5.15) is completely fixed.
As we saw in Eq. (5.11), the components of Vn·A have non-trivial RPI-I transformations.
To maintain collinear SUSY, Vn·A must transform into some combination of superfields that
also satisfies the reality condition, which it does:
Vn·A −−−−→
RPI-I
Vn·A +
√
2
(
κ∗I ΦA + κI Φ
†
A
)
. (5.16)
This can be derived by invoking the RPI-I transformations of the components. Invariance
under Eq. (5.16) will be an important tool for building collinear superspace operators for
gauge theories, especially when we introduce charged matter in Sec. 7. As emphasized in
Sec. 2.5, RPI-II can only be imposed at the level of the component action.
Finally, we can lift the gauge transformation in Eq. (5.14) to collinear superspace:
Vn·A −−−−−→
Gauge
Vn·A + d˜Ω , (5.17)
where Ω is the real, chiral, anti-chiral superfield defined in Eq. (2.31). As we will see in
Sec. 7.1, Vn·A allows one to lift the gauge covariant derivative along the n · A direction
to collinear superspace — a necessary ingredient for constructing collinear superspace La-
grangians for charged chiral matter.
5.4 The Auxiliary Gauge Chiral Superfield
While Vn·A will be advantageous later for constructing gauge-covariant derivatives, it is not
convenient for building the gauge kinetic term because of its non-trivial RPI-I and gauge
transformation properties; see Eqs. (5.16) and (5.17). We can easily construct an RPI-I and
gauge invariant combination, though, by taking appropriate covariant derivatives.
First note that DVn·A is gauge invariant (for an Abelian theory), since Ω in Eq. (5.17)
is anti-chiral. It is not, however, RPI-I invariant:
DVn·A −−−−→
RPI-I
DVn·A +
√
2κ∗I DΦA . (5.18)
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To make further progress, we can take a D¯ derivative
D¯DVn·A −−−−→
RPI-I
D¯DVn·A − 2
√
2i κ∗I dΦA , (5.19)
where we used the anti-commutation relation
{
D, D¯
}
= −2i d. While this also shifts under
RPI-I, we can use the fact that d⊥ → d⊥+κ∗I d to construct an RPI-I invariant combination
with ΦA:
ΦD ≡ i
2
D¯DVn·A −
√
2 d⊥ΦA
=
[
1
2
∂µAµ − iD
]
− 2i η dU˜ †λ + iη†η d
[
1
2
∂µAµ − iD
]
, (5.20)
where U˜λ is defined in Eq. (5.12), and we have simplified this expression using the fact that
(in LCG)
−iD − 1
2
∂µAµ = −iDA − 1
2
d(n · A) +
√
2 d∗⊥A . (5.21)
This field is a chiral multiplet
(
D¯ΦD = 0
)
, whose lowest component involves the auxiliary
D term, so it plays a similar role to ΦF in Eq. (3.11). It is RPI-III invariant, with mass
dimension 2, and it has the following gauge transformation property:
ΦD −−−−−→
Gauge
ΦD − d⊥d∗⊥Ω . (5.22)
Following this analogy with ΦF further, we can define a fermionic chiral multiplet in
the same spirit as U˜ :
U˜λ ≡ − i
2
D¯
d
Φ†D = −
i
2
D¯
(
Vn·A −
√
2
d∗⊥
d
Φ†A
)
= U˜λ − η
(
iD +
1
2
∂µAµ
)
+ iη†η dU˜λ , (5.23)
where in the second step we used Φ†D =
i
2
DD¯Vn·A −
√
2 d∗⊥Φ
†
A.
14 This U˜λ multiplet is also
invariant under RPI-I and it is now gauge invariant (in the Abelian case). It is analogous to
U˜ in Eq. (3.4), with mass dimension 3/2 and RPI-III charge +1/2. Note that both ΦD and
U˜λ contain the same auxiliary field content as Vn·A, but they also depend on the propagating
degrees of freedom in ΦA, which is necessary to make them RPI-I invariant.
14The potentially confusing sign of the first term in Φ†D results from the fact that
(
D¯D
)†
= −DD¯.
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Superfield Construction Constraint RPI-I RPI-III Res. Gauge Mass Dim.
ΦA 1√2 D¯D˜V
full
WZG
∣∣∣
η˜=0
D¯ΦA = 0 ΦA ΦA ΦA +
d∗⊥√
2
Ω 1
Vn·A ˜¯DD˜V fullWZG
∣∣∣∣
η˜=0
V †n·A = Vn·A
Vn·A+
κ∗I ΦA + κI Φ
†
A
eκIII Vn·A Vn·A + d˜Ω 1
ΦD
i
2 D¯DVn·A − d⊥ΦA D¯ΦD = 0 ΦD ΦD ΦD − |d⊥|2 Ω 2
U˜λ
i√
2
D¯
d Φ
†
D D¯U˜λ = 0 U˜λ e
κIII/2 U˜λ U˜λ 3/2
Cλ U˜λ − 1√2
d∗⊥
d DΦA D¯Cλ = −
√
2i d∗⊥ΦA Cλ +
1√
2
κI DΦA eκIII/2Cλ Cλ 3/2
Table 5: Collinear superfields for the Abelian gauge theory, along with their top-down
construction and transformation properties. Note that we are working in both WZG and
LCG, in which V fullWZG|η˜=0 = 0, D¯DV fullWZG|η˜=0 = 0, and DD˜V fullWZG|η˜=0 = 0.
5.5 Top-Down Derivation of Gauge Superfields
The form of Vn·A in Eq. (5.15) was dictated by bottom-up considerations, as the most general
superfield we could construct with n · A as the lowest component, given the constraints
imposed by RPI-I, RPI-III, collinear SUSY, and gauge transformations. Note that we could
have also determined U˜λ in Eq. (5.23) in an analogous way by requiring U˜λ as the lowest
component. We can gain further insight into the structure of Vn·A by performing a top-down
derivation starting from the full N = 1 vector multiplet.
As in Sec. 3.4, we act on the full superfield with superspace derivatives and then set
η˜ = 0 to go to collinear superspace. We already saw an example of this type when deriving
Eq. (5.3), where we argued that Φn¯·A = D¯DV full|η˜=0 could be consistently set to zero in WZG
and LCG. The construction, constraints, and transformations of the superfields derived in
what follows are summarized in Table 5.
The full N = 1 vector superfield V full = V full † in WZG is
V fullWZG =
(
ηη† n¯ · A+
√
2 ηη˜†A+
√
2 η˜η†A∗ + η˜η˜† n · A
)
+ 2i ηη˜
(
η†λ† + η˜† λ˜†
)
+ 2i η˜†η†
(
ηλ+ η˜ λ˜
)− 2 ηη˜η˜†η†D . (5.24)
Note that
(
V fullWZG
)3
= 0, which will be useful for the top-down derivation of the charged
matter kinetic term in Sec. 7.5. Furthermore, in LCG with n¯ ·A = 0 and moving to collinear
superspace, we have
V fullWZG
∣∣∣
η˜=0
= 0 . (5.25)
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We can derive the gauge chiral superfield ΦA in Eq. (2.26) by acting on V fullWZG with two
collinear superspace derivatives:
ΦA =
1√
2
D¯D˜V fullWZG
∣∣∣
η˜=0
= A∗ + i
√
2 ηλ† + iη†η dA∗ ,
Φ†A = −
1√
2
D ˜¯DV fullWZG
∣∣∣
η˜=0
= A+ i
√
2 η†λ− iη†η dA . (5.26)
Here, we have made use of
(
DD¯
)†
= −D¯D, and the factor of 1/√2 is introduced to ensure
canonically normalized kinetic terms in Sec. 6.1. Since D¯ΦA = 0 and DΦ
†
A = 0 by con-
struction, these respectively correspond to chiral and anti-chiral superfields under collinear
SUSY. This analysis clarifies why A enters into the anti-chiral superfield while the conju-
gate field A∗ field enters into the chiral superfield, since in analogy with the Φ†F field in
Eq. (3.11), the D˜ derivative isolates the complex conjugate representation.
Acting with a different pair of collinear superspace derivatives, we can identify a super-
field whose lowest component is n · A:
Vn·A ≡
(
˜¯DD˜V fullWZG
)∣∣∣∣
η˜=0
= −
(
D˜ ˜¯DV fullWZG
)∣∣∣∣
η˜=0
= n · A+ 2i ηλ˜† + 2i η† λ˜+ 2 η†ηDA , (5.27)
whereDA is defined in Eq. (5.9), and in the second step we made use of the anti-commutation
relations in Eq. (2.8) along with the simplification in Eq. (5.25). Note that Vn·A = V
†
n·A,
which is necessary since the lowest component n · A is a real degree of freedom. This is
precisely the form of Vn·A we found using bottom-up logic in Eq. (5.15).
By acting with more supercovariant derivatives, we could construct ΦD and U˜λ, though
the derivation is the same as in Sec. 5.4 since it does not require ˜¯D or D˜. In the bottom-up
derivation, we did not encounter the analog of the C field introduced above, though we can
define one in analogy with Eq. (3.6):
Cλ = U˜λ +
1√
2
d∗⊥
d
DΦA , (5.28)
such that Cλ obeys the almost-chiral constraint D¯Cλ = −i
√
2 d⊥ΦA. This Cλ field does not
play as critical a role in the gauge theory case as it did above for chiral matter (where it
was the natural object to use for building a superpotential), although it will appear briefly
in Eq. (6.6) below when we discuss D-term SUSY breaking. It is satisfying that chiral
matter and gauge fields have exactly parallel structures in collinear superspace (with LCG
and WZG); see further discussion in Sec. 6.2.
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For the manipulations in Sec. 7.5, we will encounter expressions with a single D˜ acting
on V fullWZG, which can be simplified using the following relation:
D˜V fullWZG
∣∣∣
η˜=0
=
iD
2 d
ΦA . (5.29)
This can be verified by acting by D¯ on both sides of this expression and recognizing that
the right-hand side involves the chiral projector from Eq. (2.10).
Finally, we can perform a gauge transformation on V fullWZG to derive the transformation
properties of ΦA and Vn·A:
ΦA =
1√
2
D¯D˜V full
∣∣∣
η˜=0
−−−−−→
Gauge
ΦA +
i
2
√
2
D¯D˜Ωfull
∣∣∣
η˜=0
= ΦA +
1√
2
d∗⊥Ω ,
Vn·A = ˜¯DD˜V
full
WZG
∣∣∣
η˜=0
−−−−−→
Gauge
Vn·A +
i
2
˜¯DD˜
(
Ωfull −Ω† full
)∣∣∣
η˜=0
= Vn·A + d˜Ω , (5.30)
where we used the anti-commutation relations in Eq. (2.8) and the fact that the full theory
anti-chiral field satisfies D˜Ω†full|η˜=0 = 0. Without choosing a gauge, the only constraint on
Ω ≡ Ωfull∣∣
η˜=0
is that it is chiral, but it is also real in LCG and WZG, as discussed already
in Sec. 5.1. These transformations agree with Eqs. (2.32) and (5.17), and furthermore will
be used in Sec. 7.1 to lift d∗⊥ and d˜ into the gauge-covariant derivative ∇∗⊥ and ∇˜.
6 Casting Anchor: Gauge Theories
We now have all the necessary ingredients to construct gauge theory Lagrangians in collinear
superspace utilizing ΦA, Vn·A, and U˜λ. In the Abelian case, the bottom-up derivation
of the kinetic term exactly parallels that of Sec. 4.1, since ΦA and U˜λ have exactly the
same transformation properties as Φ and U˜ for a free chiral multiplet. From a top-down
perspective, this might seem a bit surprising, so we will show how it can be derived from the
standard N = 1 treatment involving a holomorphic gauge kinetic term. The non-Abelian
case is conceptually straightforward but algebraically tedious, since it requires the use of
gauge-covariant derivatives, so we present only select aspects of its construction in App. A.
6.1 The Abelian Gauge Kinetic Term
When working with only propagating degrees of freedom, i.e., the components of the chiral
multiplet ΦA, the form of the gauge kinetic term is fully determined by RPI-I, RPI-III, and
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gauge invariance. As shown in Ref. [1], this unique form is given by:
L = 1
2
DD¯
[
Φ†A
i2
d
ΦA
]∣∣∣∣
0
, (6.1)
which has the same structure as for free chiral matter in Eq. (2.22). Even though ΦA →
ΦA + d∗⊥Ω/
√
2 under a gauge transformation, this kinetic term is gauge invariant because
Ω is both chiral and anti-chiral.
Constructing a kinetic term directly for the auxiliary superfield Vn·A is more complicated
because of its non-trivial RPI-I transformation properties. For that reason, it is more
convenient to work with the RPI-I invariant chiral auxiliary field U˜λ, which contains the
same component fields as Vn·A. Imposing RPI-I, RPI-III, and gauge invariance, the unique
bilinear kinetic term we can construct is:
L ⊃ nV
2
DD¯
[
U˜ †λU˜λ
]∣∣∣∣
0
. (6.2)
This is the same structure that we already encountered in Sec. 4.1, and analogously, we
have to set nV = 1 in order to achieve RPI-II invariance of the component action. The final
gauge kinetic term is
L = 1
2
DD¯
[
Φ†A
i2
d
ΦA + U˜
†
λU˜λ
]∣∣∣∣
0
= −A∗2A+ i
(
λ˜† dλ˜− λ† d⊥λ˜− λ˜† d∗⊥λ+ λ† d˜λ
)
+
1
2
D2 +
1
8
(∂µAµ)
2 , (6.3)
exactly parallel to Eq. (4.4).
In the absence of matter fields, Vn·A only appears inside of U˜λ, so we can integrate it
out via the equations of motion for U˜λ:
δL
δU˜ †λ
= 0 =⇒ U˜λ = 0 , so that Vn·A =
√
2
(
d∗⊥
d
Φ†A +
d⊥
d
ΦA
)
. (6.4)
This implies, using Eq. (5.13) to set ∂µAµ = 0, that
λ˜ =
d∗⊥
d
λ , D = 0 , n · A =
√
2
d
(
d∗⊥A+ d⊥A∗
)
, (6.5)
which are the expected light-cone equations of motion.
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6.2 Parallels with Chiral Matter
How can it be that chiral matter and Abelian gauge fields have the same kinetic structure in
collinear superspace, despite having different spin structures? We can argue why this makes
sense in three steps. First, after projecting with the spinors ξα and ξ˜α, all bosons look alike,
as do all fermions, so the valid multiplets of collinear SUSY only depend on their RPI-I
and RPI-III transformation properties. In LCG, the two polarizations of a gauge field can
be packaged into an RPI-I invariant complex scalar A with RPI-III charge 0, which is the
same as the complex scalar field φ in a matter multiplet. Collinear SUSY then tells you that
A must be part of a chiral multiplet with a fermion of RPI-III charge −1/2, namely, the
propagating gaugino λ (the analog of u for chiral matter). Second, RPI-II provides a unique
way to relate the spin-1/2 fermion helicities residing in different collinear SUSY multiplets.
Just as u and u˜ are related by RPI-II for chiral matter, λ must be related to λ˜. Appealing
to the first point, λ˜ must then be part of a chiral multiplet U˜λ with another complex scalar
iD+ 1
2
∂µA
µ (the analog of F for chiral matter). Finally, we already saw in Sec. 4.1 that the
kinetic terms for chiral multiplets were unique, and therefore gauge fields must also have
the same kinetic structure in collinear superspace. Note that this argument relied crucially
on working in LCG, since that is the gauge where A is RPI-I invariant.
One might wonder if there are further parallels between chiral matter and gauge fields.
For example, can we write a “superpotential” for gauge fields? Because ΦA and Cλ have
the same transformation properties as Φ and C, one is allowed to write superpotential term
of the form:
L ⊃ D
[
i
2
dFICλ
]∣∣∣∣
0
+ h.c. = D
[
i
2
dFI U˜λ
]∣∣∣∣
0
+ h.c. = dFI D , (6.6)
where we used Eqs. (5.28) and (3.14) in the first manipulation and in the final expression
we have used ∂µAµ = 0. This is just the Fayet-Iliopoulos term [45] for spontaneous SUSY
breaking. Comparing to the superpotential W = fφ in Sec. 4.4, it is fascinating that F -term
and D-term SUSY breaking have completely parallel forms in collinear superspace.
Note that a mass term involving CλΦA is forbidden by the gauge transformation prop-
erties of ΦA. Similarly, most non-trivial “Ka¨hler potential” terms are forbidden by gauge
invariance. Of course, if the gauge symmetry is spontaneously broken, then such interac-
tions would be allowed, as long as one works in unitary gauge or is careful to keep track of
the explicit Goldstone fields.
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6.3 Top-Down Derivation of Gauge Kinetic Term
In standard N = 1 superspace, the gauge kinetic term arises from the holomorphic operator
L ⊃ 1
2
DD˜
[
W fullαW fullα
]∣∣∣∣
θ=0=θ†
+ h.c. , (6.7)
where W fullα = − i4 D¯fullα˙ D¯full α˙Dfullα V fullWZ . By following similar logic to Secs. 4.6 and 4.7, we
can derive Eq. (6.3) from the top down by first carrying out the D˜ derivative and then
setting η˜ = 0. As discussed in Sec. 2.1, we suppress the “full” labels when no confusions
would arise.
First, using Eqs. (2.6) and (2.9), we can rewrite the chiral gauge superfield in WZG as
W fullα = −
i
2
D¯ ¯˜D
(
ξ˜αD− ξα D˜
)
V fullWZG . (6.8)
Plugging this into Eq. (6.7), pulling out an overall D¯full derivative, and dropping total
derivatives, we find
L ⊃ 1
2
DD¯D˜
[(
D¯ ¯˜DDV fullWZG
)(
¯˜DD˜V fullWZG
)]∣∣∣∣
θ=0=θ†
+ h.c. . (6.9)
It is straightforward to simplify this expression, although the algebra is a bit tedious. Carry-
ing out the overall D˜full derivative, using integration by parts with D¯full, repeatedly applying
the anti-commutation relation in Eq. (2.8), using the definitions of ΦA in Eq. (5.26) and
Vn·A in Eq. (5.27), noting that after taking η˜ = 0 and fixing to WZG/LCG, one may set
D¯DV fullWZ = 0 and D¯
˜¯DV fullWZ = 0, and including the Hermitian conjugate terms, we find
L ⊃ 1
4
DD¯
[
− DVn·A D¯Vn·A + 2iΦ†A d˜ΦA − 2i
√
2
(
d⊥ΦA
)
Vn·A + 2i
√
2
(
d∗⊥Φ
†
A
)
Vn·A
]∣∣∣∣
0
. (6.10)
Next, inserting the chiral projector from Eq. (2.10) and using the definition of d˜ = 2d +d
∗
⊥
1
dd⊥,
we find
L ⊃ 1
2
DD¯
[
Φ†A
i2
d
ΦA − 1
4
D
(
Vn·A −
√
2
d⊥
d
ΦA
)
D¯
(
Vn·A −
√
2
d∗⊥
d
Φ†A
)]∣∣∣∣
0
. (6.11)
Following Eq. (5.23), we recognize the second expression as U˜ †λU˜λ, so we indeed recover
the expected Lagrangian from Eq. (6.3). This shows how the holomorphic kinetic term in
standard N = 1 superspace becomes a real kinetic term in collinear superspace.
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Component RPI-I RPI-II RPI-III Gauge
φM φM φM φM e
iq gωφM
uM uM uM + κII u˜M e
−κIII/2 uM eiq gωuM
u˜M u˜M + κI u˜M u˜M e
κIII/2 u˜M e
iq gω u˜M
FM FM FM FM e
iq gωFM
Table 6: The transformations for the component charged matter fields.
7 Landfall: Interacting Charged Matter
Now that we understand how to construct collinear superspace Lagrangians for gauge fields,
in this section we show how to couple them to charged chiral matter. To simplify the
presentation and minimize the algebra, we work only in the case of a single Abelian U(1)
gauge theory, though analogous manipulations hold for multiple (non-)Abelian theories, up
to the same kinds of complications discussed in App. A. The key new ingredients relative to
Ref. [1] are gauge-covariant derivatives, alluded to already in Sec. 5.3. As with the previous
derivations in Secs. 4 and 6, we start by presenting the constructions using bottom-up
reasoning, and then show how the same structures can be obtained from the top down.
7.1 Gauge-Covariant Derivatives
We introduce a chiral matter multiplet M with U(1) charge q, as15
M = φM +
√
2 η uM + iη
†η dφM . (7.1)
The gauge transformation of M is
M −−−−−→
Gauge
eiq gΩM , (7.2)
where g is the gauge coupling, and there is the factor of i in the exponent because Ω is
real. The gauge and RPI transformation properties of the φM and uM components are
summarized in Table 6.
Together with ΦA, we can use Vn·A to define gauge-covariant derivatives acting on
charged multiplets. Recalling that dΩ = 0 in LCG, we do not need to covariantize d. We
15Here, we use the M notation (instead of denoting a charged chiral multiplet superfield using Φ) to
minimize possible confusions with the gauge field ΦA.
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do need gauge-covariant versions of d˜, d⊥, and d∗⊥, though, for which it is straightforward to
check that these act as expected for gauge-covariant derivatives:
∇˜M ≡
(
d˜− iqgVn·A
)
M −−−−−→
Gauge
eiq gΩ
(∇˜M) ,
∇⊥M ≡
(
d⊥ − iqg
√
2Φ†A
)
M −−−−−→
Gauge
eiq gΩ
(∇⊥M) ,
∇∗⊥M ≡
(
d∗⊥ − iqg
√
2ΦA
)
M −−−−−→
Gauge
eiq gΩ
(∇∗⊥M) . (7.3)
In Sec. 7.3, we will covariantize the M kinetic term by making the replacement
2
d
⇒ ∇˜−∇⊥ 1d∇
∗
⊥ . (7.4)
Unlike for standard N = 1 superspace, these gauge-covariant derivatives are essential in
collinear superspace because of the explicit space-time derivatives in Eq. (2.22).
One important aspect of these gauge-covariant derivatives is that they do not generically
preserve superfield chirality. If M is a chiral multiplet satisfying D¯M = 0, then ∇∗⊥M is a
chiral multiplet because ΦA is chiral. However, ∇˜M and ∇⊥M are not chiral multiplets,
since they involve the real multiplet Vn·A and the anti-chiral multiplet Φ
†
A, respectively.
This implies that when manipulating these objects, one has to be careful to keep track of
tricky facts like D¯
(∇˜M) 6= 0.
7.2 The Covariant Chiral Auxiliary Superfield
Next, we address the auxiliary chiral multiplet U˜M :
U˜M = U˜M −
√
2 η FM + iη
†η dU˜M , with U˜M = u˜M − d
∗
⊥
d
uM , (7.5)
whose analog is given in Eq. (3.4). In contrast to M , the object U˜M has complicated
gauge transformation properties, owing to the ordinary derivative d∗⊥ appearing its fermionic
component. We emphasize that U˜M is still a valid chiral superfield, but since it does not
transform covariantly under gauge transformations, it is tedious to construct its gauge-
invariant kinetic term.
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This issue motivates the construction of a covariantized U˜ superfield, which can be
accomplishing by involving the gauge field ΦA:
U˜ covM ≡ U˜M − iqg
iD¯D
2 d
(
M
D
d
ΦA
)
=
[
u˜M − 1d∇
∗
⊥uM +
√
2 qg
1
d
((
dφM
)1
d
λ†
)]
+
√
2 η
[
FM −
√
2 qg uM
1
d
λ†
]
+ iη†η d
[
u˜M − 1d∇
∗
⊥uM +
√
2 qg
1
d
((
dφM
)1
d
λ†
)]
, (7.6)
where the component covariant derivative∇∗⊥uM =
(
d∗⊥−i
√
2 qgA∗)uM is being used here to
make it clear that this object is gauge covariant. Note that the order of derivatives is crucial
here. We are unaware of a simple bottom-up argument that yields this expression beyond
simply checking the components directly; the top-down logic that leads to this expression
is presented below in Eq. (7.19).
There are a number of ways to cross check the form of U˜ covM . First, using the component
expression in Eq. (7.6), it is straightforward to check that the whole multiplet transforms
covariantly:
U˜ covM −−−−−→
Gauge
eiq gΩ U˜ covM . (7.7)
Second, the additional gaugino terms in Eq. (7.6) ensure that the components of U˜ covM
transform like a chiral multiplet, as expected by the presence of the chiral projector. Finally,
this multiplet inherits the RPI-I invariance of ΦA and M . These reasons back up the
assertion that U˜ covM is a valid covariant chiral auxiliary multiplet.
Similarly, we can build a covariant version of CM following Eq. (3.6):
CcovM = U˜
cov
M +
1√
2
1
d
∇∗⊥DM . (7.8)
This superfield transforms as
CcovM −−−−−→
Gauge
eiq gΩCcovM , (7.9)
and it satisfies a covariant almost-chiral constraint equation, analogous to Eq. (3.8):
D¯CcovM = −i
√
2∇∗⊥M . (7.10)
In deriving this expression, it is useful to recall that ∇∗⊥ depends on the chiral multiplet ΦA.
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Superfield Construction Constraint Gauge
M M full
∣∣
η˜=0
D¯M = 0 eiq gΩM
CM
1√
2
D˜M full|η˜=0 D¯CM = −i
√
2 d∗⊥M e
iq gΩ
(
CM + iqgMΩC
)
CcovM CM − iqg
(
M DdΦA
)
D¯CcovM = −i
√
2∇∗⊥M eiq gΩCcovM
U˜ covM
iD¯D
2 d C
cov
M = U˜M + iqg
iD¯D
2 d
(
M DdΦA
)
D¯U˜ covM = 0 e
iq gΩU˜ covM
Table 7: Collinear charged matter superfields, along with their top-down construction and
gauge transformation properties. The RPI transformations are the same as the analogous
ones in Table 3.
7.3 The Kinetic Term and Superpotential
With these ingredients, we can lift the kinetic term for uncharged chiral matter in Eq. (4.4)
to the charged scenario, including the non-propagating degrees of freedom. Using Eq. (7.4)
to replace 2 with its covariant version yields
L = 1
2
DD¯
[
M † i
(
∇˜ − ∇⊥ 1d∇
∗
⊥
)
M + U˜ cov†M U˜
cov
M
]∣∣∣∣
0
. (7.11)
The generalization to multiple matter fields is straightforward. In addition to having
a copy of Eq. (7.11) for each M/U˜ covM pair, we can also write down a gauge-invariant
superpotential
L ⊃ 1√
2
D
[
CcovM,jWj(M )
]∣∣∣∣
0
+ h.c. . (7.12)
As in Sec. 4.5, in order for the term in square brackets to be chiral and for the action
to be RPI-I invariant, it is crucial that Wj ≡ ∂W/∂φM,j. Compared to the analogous
manipulation in Eq. (4.20), the only difference is the replacement of d∗⊥ with ∇∗⊥. This
imposes the additional restriction that W must be gauge invariant, such that ∇∗⊥W = d∗⊥W
is a total derivative.
7.4 Top-Down Derivation of Covariant Superfields
To better understand the necessity for the covariant multiplets U˜ covM and C
cov
M , it is instruc-
tive to repeat the top-down derivation in Sec. 3.4, but now accounting for gauge transforma-
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tions. Again, we restrict ourselves to the Abelian case to minimize the algebra. A summary
of the various fields we construct and their gauge transformations are given in Table 7.
We start with the gauge transformation for a full matter field in WZG:
M full −−−−−→
Gauge
eiq gΩ
full
WZGM full . (7.13)
Restricting to η˜ = 0 yields the expected gauge transformation for M in Eq. (7.2). Taking
a D˜ derivative before setting η˜ = 0 yields
1√
2
(
D˜M full
)∣∣∣
η˜=0
≡ CM −−−−−→
Gauge
eiq gΩ
(
CM + iqgMΩC
)
, (7.14)
where
ΩC ≡ 1√
2
(
D˜ΩfullWZG
)∣∣∣
η˜=0
. (7.15)
Thus, there is a contribution to the gauge transformation from the new object ΩC . We
emphasize that in LCG, ΩC is not independent from Ω; from the component expressions,
one can show that
ΩC ≡ 1√
2
(
d∗⊥
d
DΩfullWZG
)∣∣∣∣
η˜=0
= −i
√
2η d∗⊥ω . (7.16)
This implies the following relations:16
DΩC = 0 , D¯ΩC = −i
√
2d∗⊥Ω . (7.17)
While it is possible to work with ΩC , we find it much more convenient to directly
covariantize CM :
CcovM = CM − iqg
(
M
D
d
ΦA
)
, (7.18)
where we are using the fact that ΦA → ΦA+d∗⊥Ω/
√
2. Although it is not obvious, Eq. (7.18)
has exactly the same components as Eq. (7.8). The gauge transformation for CcovM is given
in Eq. (7.9), and it depends on Ω, as opposed to ΩC .
We can define U˜ covM in analogy with Eq. (3.13):
U˜ covM =
iD¯D
2 d
CcovM = U˜M − iqg
iD¯D
2 d
(
M
D
d
ΦA
)
, (7.19)
16Because of this first relation, the gauge transformation analog of ΦF in Eq. (3.11) is zero when working
in WZG and LCG.
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which is identical to Eq. (7.6). In parallel to Sec. 3, from the bottom-up perspective it is
more natural to define CcovM from U˜
cov
M using Eq. (7.8), while from the top down it is more
natural to define U˜ covM from C
cov
M using Eq. (7.19).
7.5 Top-Down Derivation of Charged Matter Lagrangian
We now turn to deriving the charged chiral matter Lagrangian in Eq. (7.11) from the top
down. The full N = 1 kinetic term is
L = 1
4
D¯D ¯˜DD˜
[
M full† eqgV
full
M full
]∣∣∣∣
θ=0=θ†
. (7.20)
As always, we are are in working in WZG, in which case
(
V full
)3
= 0, so that we can expand
eqgV
full
= 1 + qgV full +
1
2
q2g2
(
V full
)2
. (7.21)
Carrying out the ¯˜D and D˜ derivatives and using the definitions CcovM from Eq. (7.8), ΦA
from Eq. (5.26), and Vn·A from Eq. (5.27), we find
L = 1
4
D¯D
[
Ccov†M C
cov
M + iM
†∇˜M
]∣∣∣∣
0
. (7.22)
Using Eq. (7.19) and performing integration by parts, we can rewrite this as
L = 1
2
DD¯
[
M † i
(
∇˜ − ∇⊥ 1d∇
∗
⊥
)
M + U˜ cov†M U˜
cov
M
]∣∣∣∣
0
, (7.23)
in agreement with Eq. (7.11).
For multiple fields interacting via a superpotential, the initial manipulation is identical
to Sec. 4.6, leading to
L ⊃ 1
2
DD˜
[
W
(
M full
)]∣∣∣∣
θ=0=θ†
+ h.c. =⇒ 1
2
D
[
CM,jWj(M )
]∣∣∣∣
0
+ h.c. . (7.24)
Naively, this differs from Eq. (7.12) by the replacement of CcovM,j with CM,j. Substituting in
Eq. (7.18), the difference is
δL = 1√
2
[
ig
(∑
j
qjMjWj(M )
)D
d
ΦA
]∣∣∣∣
0
+ h.c. , (7.25)
where we have make the sum over j explicit. For generic choices of W , this expression is
non-zero, but if W is gauge invariant, then W (φM) = W (e
iqgωφM). Taylor expanding this
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for small ω implies ∑
j
qiMjWj(M ) = 0 , (7.26)
so the mismatch term in Eq. (7.25) vanishes, and we recover Eq. (7.12) as expected.
7.6 The Component Charged Matter Kinetic Term
For completeness, we provide the component expression for the charged matter kinetic term
by expanding out the superspace expression of Eq. (7.11). First, we analyze the term that
is bi-linear in M :
LM = 1
2
DD¯
[
M † i
(
∇˜ − ∇⊥ 1d∇
∗
⊥
)
M
]∣∣∣∣
0
= − φ∗M
(
∇˜d−∇⊥∇∗⊥
)
φM + iu
†
M
(
∇˜ − ∇⊥1d∇
∗
⊥
)
uM
− qg φ∗M λ
1
d
∇∗⊥uM − qg u†M ∇⊥
1
d
(
λ† φM
)−√2 qg φ∗M λ˜ uM
− iqg φ∗M
(
− iD − 1
2
∂µAµ
)
φM −
√
2 q2g2 φ∗M λ
1
d
(
λ† φM
)
, (7.27)
where the component covariant derivatives are as expected, e.g. ∇˜φM =
(
d˜− iqg n ·A)φM
and ∇⊥φM =
(
d⊥ − iqg
√
2A)φM . Importantly, note that the kinetic terms generated in
Eq. (7.27) are the covariantization of Eq. (2.22) when the scalar and fermion both carry a
U(1) charge q. Note that in simplifying the interactions in the second and third lines of
Eq. (7.27), we have used Eq. (5.21) to combine terms.
Next, consider the term that is bi-linear in U˜ covM . Expanding it out in components yields
LU˜covM =
1
2
DD¯
[
U˜ cov†M U˜
cov
M
]∣∣∣∣
0
= i
(
u˜†M du˜M − u†M∇⊥u˜M − u˜†M∇∗⊥uM + u†M∇⊥
1
d
∇∗⊥uM
)
+ F ∗MFM
+
(
− i
√
2 qg
[
u˜†M −
1
d
∇⊥u†M
][(
dφM
)1
d
λ†
]
−
√
2 qg F ∗M uM
(
1
d
λ†
)
+ h.c.
)
− 2i q2g2
[
1
d
((
dφ†M
)1
d
λ
)][(
dφM
)1
d
λ†
]
+ 2 q2g2
[
u†M
1
d
λ
][
uM
1
d
λ†
]
. (7.28)
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The total component kinetic term is simply given by L = LM +LU˜covM . One non-trivial cross
check is that the terms that are bi-linear in the matter scalar, fermion, and auxiliary fields
(including covariant derivatives) reduce to the full theory covariantized kinetic term (recall
that covariantizing 2→ ∇˜d−∇⊥∇∗⊥ in collinear superspace):
L = − φ∗M
(
∇˜d−∇⊥∇∗⊥
)
φM
+ i
(
u†M∇˜uM + u˜†M du˜M − u†M∇⊥u˜M − u˜†M∇∗⊥uM
)
+ F ∗MFM + . . . , (7.29)
where this can be easily derived by combining the second lines of Eqs. (7.27) and (7.28). This
Lagrangian encodes the N = 1 dynamics of charged chiral matter coupled to an Abelian
gauge field expressed on the light-cone, where WZG and LCG has been assumed, but the
non-propagating degrees of freedom are made manifest.
8 Future Horizons
In this paper, we expanded the effective field theory rules for collinear superspace [1] to in-
clude auxiliary multiplets. First, we demonstrated that constructing theories of interacting
chiral matter such as the Wess-Zumino model required extending the superfield content be-
yond Φ, to include the fermionic multiplet U˜ and its almost-chiral counterpart C. We then
showed that one can express Abelian gauge theories, including the non-propagating modes,
by expressing the superspace Lagrangian in terms of ΦA, Vn·A, and U˜λ. Finally, we showed
how to write the Lagrangian for charged chiral matter M coupled to an Abelian super-
multiplet, which required covariantizing the derivatives ∇˜, ∇⊥, and ∇∗⊥, and the auxiliary
superfields CcovM and U˜
cov
λ . (A similar strategy is required for the non-Abelian extension, as
we briefly present in App. A). We have now come full circle with respect to Refs. [25, 26],
by showing that collinear superspace can describe not just free chiral matter and Yang-Mills
theories, but the full range of interactions that are consistent with N = 1 SUSY.
The structure of N = 1 SUSY is already well known, of course, but (re)constructing it
while obscuring half of the supercharges has yielded new insights. In particular, our work
provides a perspective on the question: how much symmetry must be made manifest in the
action to ensure that physical observables respect those symmetries? In the case of SUSY
theories with F = 0 and D = 0, Refs. [1, 25, 26] found that only two (out of four) super-
charges and three (out of six) Lorentz generators were required to recover N = 1 SUSY
at leading power. As we have emphasized many times above, RPI-II invariance emerges
as an accidental symmetry for these special theories in that it does not impose any con-
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straints on the marginal or relevant interactions. For contrast, when working with the more
general SUSY theories considered in this paper, RPI-II invariance was essential, leading to
numerous constraints on the component field expressions that were not manifest in collinear
superspace directly. In addition to setting the normalization of various kinetic terms, RPI-II
invariance (along with chirality and RPI-I) enforced that chiral interactions be described via
the superpotential form Wj(φ) ≡ ∂W/∂φj. Of course, these constraints are familiar from
the standard N = 1 superspace formalism where Lorentz invariance is manifest, but it is
satisfying to see them emerge from both bottom-up and top-down considerations.
There are a number of novel ingredients that emerged from these studies that do not
have obvious counterparts in the standard N = 1 literature. First, the auxiliary multiplets
U˜ and U˜λ are needed to house the F - and D-term components, and they are fully non-
propagating and therefore able to be integrated out (in the absence of mass terms). Second,
the superfield C was found to be useful for constructing an RPI-II invariant superpotential,
and it satisfies an exotic constraint D¯C = −i√2d∗⊥Φ that renders it “almost chiral.” Third,
the gauge transformation parameter Ω is simultaneously chiral, anti-chiral, and real, yet
it is not a constant in collinear superspace such that it can be used to constrain the form
of gauge interactions. Fourth, the gauge covariant derivatives ∇˜, ∇⊥, and ∇∗⊥, which are
rarely encountered in standard N = 1 constructions, are essential in collinear superspace
because of the explicit derivatives in the charged matter kinetic term. We emphasize that
a number of these features are only possible when working in LCG and WZG, and indeed,
only with both of these gauge choices imposed simultaneously is collinear SUSY manifest.
Looking ahead, we suspect that collinear superspace will be particularly illuminating
for N = 2 and N = 4 SUSY theories which do not have fully Lorentz-invariant superspace
descriptions. A typical superspace approach for N > 1 is to preserve Lorentz invariance
and maintain an N = 1 subgroup, at the expense of obscuring SU(N )R and many of
the supercharges, see e.g. the original treatment of N = 4 SUSY Yang Mills [17, 28].
Using collinear superspace, we could potentially make SU(N )R manifest along with half
of the supercharges, at the expense of obscuring Lorentz invariance. This is in keeping
with the spirit of light-cone superspace [17–19, 27–29], with the key difference of keeping
track of the RPI structure to enable a fully bottom-up effective field theory treatment. It
would also be interesting to study the connection to recent progress understanding soft
theorems (see Ref. [46] for a review) in the framework of collinear superspace, perhaps
making connection with the non-SUSY formalism developed in Ref. [47]. Additionally,
since the collinear superspace building blocks separate propagating degrees of freedom from
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the non-propagating ones, we anticipate that there are natural connections to be made with
the modern on-shell scattering amplitudes program.
It would be interesting to revisit spontaneous SUSY breaking in the collinear superspace
language, since the F - and D-term order parameters now live in auxiliary multiplets, which
might lead to novel non-linear realizations of SUSY. Another avenue of research would be
to discover the appropriate building blocks when working with spontaneously broken gauge
theories, along with understanding the way in which the super-Higgs mechanism manifests.
It would also be fascinating to construct linearized supergravity in collinear superspace,
at minimum to check whether the gravitino/graviton kinetic structure mimics the one for
chiral matter, as we already saw was the case for gauge theories.
One of the original motivations to study collinear superspace was to illuminate aspects
of Soft Collinear Effective Theory (SCET) [48–50]. Effective theories in general are defined
by a Lagrangian that describes propagation and interactions in the infrared, as well as local
operators that source fields. The framework developed here is directly relevant to writing
down SCET theories with N = 1 SUSY. We have focused on the rules for constructing the
interaction Lagrangians, but the superfields identified here also form fundamental building
blocks of SUSY-, RPI-, and gauge-invariant local operators. Generally, gauge invariance of
an operator that carries some charge is accomplished by attaching appropriate Wilson lines.
Maintaining explicit collinear SUSY invariance requires working in WZG and LCG, and
this should render the necessary Wilson lines to be simple or even unity. It would further
be interesting to explore if one can derive collinear-soft mode factorization [51], as well as
to extend the analysis to understand the role of Glauber gluons [52] in superspace. Sur-
prising infrared cancellations are known to occur in SUSY gauge theories [53], and a direct
formulation of the infrared in superspace may identify the physics responsible. Resumming
a canonical observable such as thrust could also illuminate differences between QCD and
SUSY QCD.
With this paper in hand, we now have a chart for navigating collinear superspace.
There are many applications of the formalism that could yield deeper insight into more
formal questions related to N > 1 SUSY, and more phenomenological applications via
SUSY SCET. By providing an alternative perspective on the symmetries and fundamental
building blocks, collinear superspace opens a new way of thinking about SUSY field theories.
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A Tacking: Non-Abelian Gauge Theories
In this appendix, we briefly introduce the necessary ingredients to write down pure non-
Abelian gauge theory in collinear superspace. Much of the analysis in Sec. 6 carries through
for non-Abelian gauge theories, albeit with complications arising due to the need for gauge-
covariant derivatives, in analog to the considerations discussed in Sec. 7 for building a theory
of charged chiral matter.
We wish to lift the Abelian kinetic term for ΦA in Eq. (6.3) to a non-Abelian theory.
This requires replacing spacetime derivatives with the appropriate gauge-covariant versions,
e.g. d˜ → ∇˜. Let a be a group index and T a be the associated generator. Treating the
superfields as matrices in color space ΦA ≡ ΦaAT a and Vn·A ≡ V an·AT a, the final non-Abelian
gauge kinetic term is
L = iDD¯ tr
[
Φ†A
(
∇˜ − ∇⊥1d∇
∗
⊥
)
ΦA + U˜
cov †
λ U˜
cov
λ
]∣∣∣∣
0
, (A.1)
where there is an extra overall factor of 2 with respect to Eq. (6.3) due to the normalization
of the generators: tr(T aT b) = 1
2
δab. The detailed definitions of all the objects will be
explained in what follows, e.g. U˜ cov is defined in Eq. (A.5).
The gauge transformation parameter Ω ≡ ΩaT a is now a matrix, and the gauge trans-
formations of the superfields are:
ΦA −−−−−→
Gauge
eigΩ
(
ΦA + i
√
2 d∗⊥
)
e−igΩ,
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Vn·A −−−−−→
Gauge
eigΩ
(
Vn·A + id˜
)
e−igΩ. (A.2)
In analogy with the discussion in Sec. 7.1, we define light-cone gauge-covariant derivatives
in collinear superspace:
∇˜ΦA ≡ d˜ΦA − i
[
Vn·A,ΦA
] −−−−−→
Gauge
eigΩ
(
∇˜ΦA −
√
2 g d˜ d∗⊥
)
e−igΩ ,
∇⊥ΦA ≡ d⊥ΦA − i√
2
[
Φ†A,ΦA
] −−−−−→
Gauge
eigΩ
(
∇⊥ΦA −
√
2 g d⊥d
∗
⊥
)
e−igΩ ,
∇∗⊥ΦA ≡ d∗⊥ΦA −
i√
2
[
ΦA,Φ
†
A
] −−−−−→
Gauge
eigΩ
(
∇∗⊥ΦA −
√
2 g d∗⊥d
∗
⊥
)
e−igΩ , (A.3)
with similar expressions for Φ†A. Then to covariantize the ΦA kinetic term from Eq. (6.3),
we make the replacement
2
d
⇒ ∇˜−∇⊥1d∇
∗
⊥ . (A.4)
Note that ∇∗⊥ΦA is still a chiral multiplet (since ∇∗⊥ itself depends on ΦA), but ∇⊥ΦA is
neither chiral nor anti-chiral.
The contribution to the Lagrangian in Eq. (A.1) that is bi-linear in ΦA is gauge invariant
on its own. While ∇˜ΦA does not transform covariantly under a gauge transformation,
the extra shift in Eq. (A.3) involves a term that is both chiral and anti-chiral, so it only
contributes a total derivative to the Lagrangian. Similar arguments can be made for the
term that depends on ∇⊥(1/d)∇∗⊥; a detailed discussion of the gauge invariance of this term
was given in Ref. [1], and so we do not repeat it here. Taken together, we conclude that the
bi-linear in ΦA term is gauge invariant.
The kinetic term for U˜λ ≡ U˜ aλ T a requires more care. The reason is that U˜λ is defined in
Eq. (5.23) via ΦD, and from its definition in Eq. (5.20), we see that it only depends on the
ordinary d⊥ derivative acting on ΦA instead of the gauge-covariant derivative ∇⊥. Naively,
one might try to make the simple replacement d⊥ΦA ⇒ ∇⊥ΦA in the definition of ΦD, but
this fails since ∇⊥ΦA is not a chiral multiplet. We can, however, covariantize the definition
of U˜λ directly, which yields
U˜ covλ = −
i
2
D¯
(
Vn·A −
√
2 g
∇∗⊥
d
Φ†A
)
, (A.5)
where we note that D¯ acting on any superfield yields a chiral superfield. It is easy to see
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that U˜ covλ does indeed transform covariantly:
U˜ covλ −−−−−→
Gauge
eigΩ U˜ covλ e
−igΩ , (A.6)
which follows from noting that the residual term in the transformation of U˜ covλ involves the
term D¯
(
d˜Ω+2 d
∗
⊥
d Ω
)
, which vanishes because D¯Ω = 0. Given that the gauge transformation
does not include any derivative-dependent shifts, as we had in Eq. (A.3), it is clear that
the term bi-linear in U˜ covλ is gauge invariant on its own. We conclude that the non-Abelian
Lagrangian given in Eq. (A.1) is gauge invariant.
We now provide a cross check that this approach yields the correct Lagrangian. Noting
that Vn·A is a pure auxiliary superfield, we can integrate it out via its superspace equations
of motion. In the Abelian case, this is equivalent to integrating out U˜ covλ , see Eq. (6.4).
The situation for the non-Abelian theory is more complicated, since Vn·A now appears both
in U˜ covλ and in ∇˜. Therefore, the most straightforward approach is to integrate out Vn·A
directly:
δL
δVn·A
= 0 =⇒ Vn·A = 2i
(∇∗⊥
d
Φ†A −
∇⊥
d
ΦA
)
. (A.7)
This superfield expression encodes the equations of motion for all the non-Abelian gauge
superfields, which is clear by expanding this in components:
λ˜ =
1
d
∇∗⊥λ , D = 0 , n · A =
1
d
(∇∗⊥A+∇⊥A∗) , (A.8)
where now the covariant derivatives are interpreted as the component expressions.
Using the fact that Eq. (A.7) is valid at the level of superfields, we can plug the solution
for Vn·A back into Eq. (A.1) to derive the collinear superspace Lagrangian for the non-
Abelian theory:
L = i
2
DD¯
[
Φa†A
2
d
ΦaA
]∣∣∣∣
0
− i
2
gfabcDD¯
[ (
Φ†aAΦ
b
A
) d∗⊥
d
ΦcA −Φ†aA
d⊥
d
(
Φ†bAΦ
c
A
) ]∣∣∣∣
0
− i
2
g2fabcf cheDD¯
[ (
Φ†aAΦ
b
A
) 1
d
(
Φ†hA Φ
e
A
) ]∣∣∣∣
0
, (A.9)
where here we have chosen to express the gauge fields explicitly in the adjoint representation,
where the structure constants of the gauge group are (T a)bc = −ifabc. This is the same
Lagrangian derived from the top down in Refs. [25, 26] as well as from the bottom up in
Ref. [1]. Recall, though, that these previous derivations did not need to appeal to the non-
propagating degrees of freedom in Vn·A. As we saw in Sec. 7, the true power of the Vn·A
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formalism was for constructed Lagrangians for interacting charged chiral matter, and this
power also translates to the non-Abelian case.
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